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SYMPLECTIC INSTANTON HOMOLOGY, THE LINK SURGERIES
SPECTRAL SEQUENCE, AND KHOVANOV HOMOLOGY
HENRY T. HORTON
Abstract. We further develop the symplectic instanton homology defined in our previous article
[Hor16] by investigating its behavior under Dehn surgery. In particular, we prove a exact triangle
relating the symplectic instanton homology of ∞-, 0-, and 1-surgeries along a framed knot in a
closed 3-manifold. More generally, we show that for any framed link in a closed 3-manifold, there
is a spectral sequence with E1-page a direct sum of symplectic instanton homologies of all possible
combinations of 0- and 1-surgeries on the components of the link converging to the symplectic
instanton homology of the ambient 3-manifold. As an application of our results, we compute the
symplectic instanton homology of many infinite families of 3-manifolds and also, given a link L ⊂ S3,
establish a spectral sequence with E2-page isomorphic to the mod 2 reduced Khovanov homology
of the mirror of L converging to the mod 2 symplectic instanton homology of the branched double
cover of L.
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1. Introduction
Starting from the seminal work of Floer on instanton homology [Flo95] (see also [BD95]), it has
been noted that Floer homology invariants of closed 3-manifolds behave in a controlled way under
Dehn surgery. More precisely, let Y be a closed, oriented 3-manifold and let (K,λ) be a framed
knot in Y . Letting Yλ(K) denote the result of λ-surgery on K (and similarly defining Yλ+µ(K) for
µ a meridian of K), there are standard cobordisms W : Y −→ Yλ(K), Wλ : Yλ(K) −→ Yλ+µ(K),
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2 HENRY T. HORTON
and Wλ+µ : Yλ+µ(K) −→ Y , each of which consists of a single 2-handle attachment. For a “Floer
homology theory”
A : Bord03 −→ F2 -Vect,
there should be an exact triangle of the form
A (Y )
A (W ) // A (Yλ(K))
A (Wλ)ww
A (Yλ+µ(K))
A (Wλ+µ)
ff
Exact triangles of this form have been established for many types of Floer homologies of 3-manifolds:
instanton homology [Flo95], monopole Floer homology [KMOS07], and Heegaard Floer homology
[OS04] are some prominent examples.
In our previous article [Hor16], we introduced a new construction of a Floer homology invariant
for 3-manifolds Y , which we call symplectic instanton homology and denote SI(Y ). This
symplectic instanton homology is conjecturally related to the framed instanton homology considered
by Kronheimer and Mrowka [KM11b] and is constructed roughly as follows (see Section 2 for a
complete recollection of the definition). Fix a Heegaard splitting Y = Hα ∪Σg Hβ of the closed,
oriented 3-manifold Y . If we additionally fix a basepoint z ∈ Σg on the Heegaard surface, we may
consider a standardly embedded θ-graph in a neighborhood of z in Y , embedded in such a way that
there is exactly one vertex is each handlebody and each of the three edges of the graph intersect
the Heegaard surface transversely in a single point. Write Y θ = Hθα ∪Σg,3 Hθβ for the induced
decomposition of the complement of the θ-graph in Y . We may then consider the traceless SU(2)-
character variety of each piece of the decomposition, meaning the space of SU(2)-representations
of the fundamental group of the complement of the θ-graph that sends the meridian of each edge
of the θ-graph to a traceless SU(2) matrix. If Mg,3 denotes the traceless character variety of
the thrice-punctured Heegaard surface and Lα, Lβ denote the images of the traceless character
varieties of Hθα, H
θ
β in Mg,3 under restriction to the boundary, then one may show that Mg,3 is a
monotone symplectic manifold and Lα, Lβ are monotone Lagrangian submanifolds. Therefore we
may consider the Lagrangian Floer homology of (Lα, Lβ) in Mg,3, and we define
SI(Y ) = HF(Lα, Lβ).
In [Hor16] we showed that SI(Y ) is independent of the choice of Heegaard splitting used to define
it, so that it is in fact an invariant of Y .
In this article, we aim to establish a surgery exact triangle for symplectic instanton homology of the
form described above. As was the case for Floer’s classical instanton homology, we will be required
to extend our definition of symplectic instanton homology to incorporate additional structure on
Y for the exact triangle to possibly hold. While Floer’s invariant needed to be generalized from
SU(2)-bundles to SO(3)-bundles on the 3-manifold Y , our symplectic instanton homology needs to
take into account SO(3)-bundles on Y . In dimension 3, such bundles are classified by their second
Stiefel-Whitney class, and by Poincare´ duality we may therefore think of this data as coming from
a mod 2 homology class ω ∈ H1(Y ;F2).
With the above stated, we may describe the major results of this article. The first is the construction
of an extension of SI(Y ) that takes into account the additional data of a mod 2 homology class
ω ∈ H1(Y ;F2).
Theorem 1.1. For any closed, oriented 3-manifold Y and homology class ω ∈ H1(Y ;F2), there is
a well-defined symplectic instanton homology group SI(Y, ω) that is an invariant of the pair
(Y, ω).
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By a generalization of the techniques in [Hor16], we may also define homomorphisms between these
“twisted” symplectic instanton homology groups that are induced by 4-dimensional cobordisms W
equipped with a mod 2 homology class Ω ∈ H2(W,∂W ;F2).
Theorem 1.2. Given a compact, connected, oriented cobordism W : Y −→ Y ′ of closed, con-
nected, oriented 3-manifolds and a mod 2 homology class Ω ∈ H2(W,∂W ;F2), there is an induced
homomorphism
SI(W,Ω) : SI(Y, ∂Ω|Y ) −→ SI(Y ′, ∂Ω|Y ′)
that is an invariant of the (W,Ω). Furthermore, the assignment (W,Ω) 7→ SI(W,Ω) is functorial
in the sense that
(1) SI(Y × [0, 1], ω × [0, 1]) = idSI(Y,ω).
(2) SI(W ′,Ω′) ◦ SI(W,Ω) = SI(W ∪Y ′ W ′,Ω + Ω′).
With the invariance and functoriality of SI(Y, ω) in place, we can now properly state the surgery
exact triangle for symplectic instanton homology:
Theorem 1.3. For any framed knot (K,λ) in a closed, oriented 3-manifold Y , there is an exact
triangle
SI(Y, ωK)
SI(W,ΩK) // SI(Yλ(K))
SI(Wλ)ww
SI(Yλ+µ(K))
SI(Wλ+µ,Ω
′
K)
gg
where ωK is the mod 2 homology class in Y represented by the knot K and ΩK is the relative mod
2 homology class in W represented by the core of the 2-handle attached to K (similarly for Ω′K in
Wλ+µ).
Note that the surgery exact triangle is for Dehn surgery on a knot. For general links, the surgery
exact triangle must be replaced with a spectral sequence.
Theorem 1.4. For any framed link (L, λ) in a closed, oriented 3-manifold Y , there is a spectral
sequence whose E1-page is a direct sum of symplectic instanton homologies of all possible combina-
tions of λk- and (λk + µk)-surgeries on the components Lk of L that converges to SI(Y, ωL).
As a special application of the above link surgeries spectral sequence, we establish a relationship
between Khovanov homology and symplectic instanton homology.
Theorem 1.5. For any link L ⊂ S3, there is a spectral sequence with E2-page isomorphic to
Kh(m(L);F2) converging to SI(Σ(L)).
The outline of this article is as follows. In Section 2, we review the construction of symplectic
instanton homology as given in [Hor16]. In Section 3, we show how to generalize this construction
to incorporate a homology class ω ∈ H1(Y ;F2) to produce an invariant SI(Y, ω) of the pair (Y, ω).
The functoriality of this “twisted” symplectic instanton homology with respect to cobordisms W
equipped with a homology class Ω ∈ H2(W,∂W ;F2) is established in Section 4. In Section 5,
we prove the surgery exact triangle for symplectic instanton homology. Section 6 gives several
infinite families of 3-manifolds whose symplectic instanton homology is of minimal rank. The link
surgeries spectral sequence for symplectic instanton homology is proven in Section 7. In Section 8
we explore the connection between Khovanov homology of the symplectic instanton homology of
branched double covers, and in Section 9 we consider further the case of non-trivial SO(3)-bundles
on branched double covers.
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Remark 1.6. During the course of this work, similar results were obtained in the Ph.D thesis of
Guillem Cazassus ([Caz16a], see also [Caz16b] and [Caz17]) for a different version of symplectic
instanton homology defined by Manolescu and Woodward [MW12]. In particular, Cazassus derived
a surgery exact triangle for the Manolescu-Woodward invariant using similar techniques to those
used in the present article.
Acknowledgements. We thank Paul Kirk, Dylan Thurston, and Christopher Woodward for
useful conversations on various aspects of this work. This article consists of material which makes
up part of the author’s Ph.D. thesis, written at Indiana University.
2. Review: Symplectic Instanton Homology
Here we recall the construction of symplectic instanton homology from [Hor16].
2.1. Smooth and Symplectic Topology of Moduli Spaces. Let Σg,3 denote the surface of
genus g with three punctures, which we will think of as all lying in a small disk embedded in the
surface. LetMg,3 denote the moduli space of flat connections on the trivial SU(2)-bundle over Σg,3,
subject to the condition that the holonomy of the connection around any of the three punctures is
a traceless SU(2) matrix.
If we write C(i) for the conjugacy class of traceless matrices in SU(2), Mg,3 admits the holonomy
description
Mg,3 =
{
A1, . . . , Ag, B1, . . . , Bg ∈ SU(2), C1, C2, C3 ∈ C(i)
∣∣∣∣∣
g∏
k=1
[Ak, Bk] = C1C2C3
}/
conj.
The following properties of Mg,3 are well-known.
Proposition 2.1. Mg,3 is a smooth, closed manifold of dimension 6g. There is a naturally defined
symplectic form ω on Mg,3 which is monotone with monotonicity constant τ =
1
4 .
2.2. Cerf Decompositions of 3-Manifolds. The most flexible definition of the symplectic in-
stanton homology of a closed, oriented 3-manifold Y is in terms of a Cerf decomposition of Y . We
will also want to use Cerf decompositions for the definition of symplectic instanton homology for
nontrivial SO(3)-bundles, so we recall the relevant definitions and results here.
Suppose X− and X+ are two closed, oriented surfaces. A bordism from X− to X+ is a pair
(Y, φ) consisting of a compact, oriented 3-manifold Y and a orientation-preserving diffeomorphism
φ : ∂Y −→ X− qX+. Two bordisms (Y, φ) and (Y ′, φ′) from X− to X+ are equivalent if there
exists an orientation-preserving diffeomorphism ψ : Y −→ Y ′ with φ◦ψ|∂Y = φ′. We will denote the
equivalence class of the bordism (Y, φ) by [Y, φ], or simply [Y ] when the boundary parametrization
φ does not need to be explicitly mentioned.
The (2+1)-dimensional connected bordism category, Bord03, is the category whose objects are
closed, oriented, connected surfaces and whose morphisms are equivalence classes of 3-dimensional,
compact, oriented, and connected bordisms. Composition in Bord03 is defined by gluing together
bordisms using the boundary parametrizations.
Morphisms in Bord03 may be factored into simple pieces with the help of certain Morse functions.
A Morse datum for a bordism (Y, φ) is a pair (f, t) consisting of a Morse function f : Y −→ R
and a strictly increasing tuple of real numbers t = (t0, . . . , tm) subject to the following:
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(i) min f(y) = t0 and f
−1(t0) = φ−1(X−) (i.e. the minimum of f is t0 and this minimum is
attained at all points of the incoming boundary of Y and nowhere else), and similarly the
max f(y) = tm and f
−1(tm) = φ−1(X+).
(ii) f−1(t) is connected for all t ∈ R.
(iii) Critical points and critical values of f are in one-to-one correspondence, i.e. f : Crit(f) −→
f(Crit(f)) is a bijection.
(iv) t0, . . . , tm are all regular values of f and each interval (tk−1, tk) contains at most one critical
point of f .
A bordism (Y, φ) is an elementary bordism if it admits a Morse datum with at most one critical
point; if it admits a Morse datum with no critical points, then it is called a cylindrical bordism.
Note that for any Morse datum (f, t), f−1([tk−1, tk]) is an elementary bordism. Hence a Morse
datum induces a decomposition
Y = Y1 ∪X1 Y2 ∪X2 · · · ∪Xm−1 Ym
where
Yk = f
−1([tk−1, tk]), Xk = f−1(tk).
We call any decomposition of Y into elementary bordisms arising from a Morse datum in this way
a Cerf decomposition of (Y, φ).
Note that a Cerf decomposition of (Y, φ) induces a factorization of the morphism [Y, φ] ∈ Bord03(X−, X+):
[Yφ] = [Y1, φ1] ◦ · · · ◦ [Ym, φm],
where for k = 1, . . . ,m, [Yk, φk] ∈ Bord03(Xk−1, Xk). We will also call this induced factorization a
Cerf decomposition of [Y, φ]. Given two Cerf decompositions
[Y, φ] = [Y1, φ1] ◦ · · · ◦ [Ym, φm],
[Y, φ] = [Y ′1 , φ
′
1] ◦ · · · ◦ [Y ′m, φ′m]
of an equivalence class [Y, φ], we say they are equivalent if there exist orientation-preserving
diffeomorphisms ψk : Xk −→ X ′k (k = 0, . . . ,m, where X0 = X− and Xm = X+) such that
ψ0 = idX− , ψm = idX+ , and
[Yk, φk] = [Y
′
k, (ψk−1 q ψk) ◦ φ′k] for all k = 0, . . . ,m.
There are several natural modifications one may make to a given Cerf decomposition of a morphism.
Definition 2.2. (Cerf Moves) Let [(Y, φ)] ∈ HomBord0n+1(X−, X+) be an equivalence class of
bordisms and suppose we have a Cerf decomposition
[(Y, φ)] = [(Y1, φ1)] ◦ · · · ◦ [(Ym, φm)].
By a Cerf move we mean one of the following modifications made to [(Y1, φ1)] ◦ · · · ◦ [(Ym, φm)]
(below we omit the boundary parametrizations φk to simplify notation):
(a) (Critical point cancellation) Replace · · · ◦ [Yk] ◦ [Yk+1] ◦ · · · with · · · ◦ [Yk ∪ Yk+1] ◦ · · · if
[Yk ∪ Yk+1] is a cylindrical bordism.
(b) (Critical point switch) Replace · · · ◦ [Yk] ◦ [Yk+1] ◦ · · · with · · · ◦ [Y ′k] ◦ [Y ′k+1] ◦ · · · , where
Yk, Yk+1, Y
′
k, and Y
′
k+1 satisfy the following conditions: Yk∪Yk+1 ∼= Y ′k∪Y ′k+1, and for some
choice of Morse data (f, t), (f ′, t′) inducing the two Cerf decompositions and a metric on
Y , the attaching cycles for the critical points yk and yk+1 of f in Xk and y
′
k and y
′
k+1 of
f ′ in X ′k are disjoint; in Xk−1 = X
′
k−1, the attaching cycles of yk and y
′
k+1 are homotopic;
and in Xk+1 = X
′
k+1 the attaching cycles of yk+1 and y
′
k are homotopic. See Figure 1 for
an example of this move.
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yk
yk+1
Xk
Xk−1
Xk+1
Yk
Yk+1
Xk+1
Xk
Xk−1
Y 0
k
Y 0
k+1
y0
k+1
y0
k
Figure 1. A 3-dimensional critical point switch of two 2-handles.
(c) (Cylinder creation) Replace · · · ◦ [Yk] ◦ · · · with · · · ◦ [Y ′k] ◦ [Y ′′k ] ◦ · · · where Yk ∼= Y ′k ∪ Y ′′k
and one of [Y ′k], [Y
′′
k ] is cylindrical.
(d) (Cylinder cancellation) Replace · · · ◦ [Yk]◦ [Yk+1]◦ · · · with · · · ◦ [Yk ◦Yk+1]◦ · · · whenever
one of [Yk], [Yk+1] is cylindrical.
It turns out that the four Cerf moves described above are sufficient to relate any two Cerf decom-
positions of a given morphism [Y, φ]:
Proposition 2.3. Any two Cerf decompositions of a given morphism [Y, φ] are related by a finite
sequence of Cerf moves.
2.3. Symplectic Instanton Homology. Now let Y be a closed, oriented 3-manifold and write
Y ′ for the result of removing two open balls from Y . We may then choose a Cerf decomposition
Y ′ = (Y ′1 , . . . , Y ′m), which is induced by some Morse function f : Y ′ −→ R which, among other
conditions, satisfies f−1(min f) = ∂Y− and f−1(max f) = ∂Y+. Pick a point z ∈ Y ′ such that the
gradient flow line γz of f through z connects ∂Y− and ∂Y+ (and hence does not pass through any
critical points or their attaching cycles).
Remove a small tubular neighborhood of γz, and replace it with a cylinder with a trivial 3-stranded
tangle removed. Then we obtain a new 3-manifold Y θ, which is Y with two open balls and a trivial
3-stranded tangle connecting them removed (homotopy equivalent to Y minus a neighborhood of
a trivially embedded θ graph, hence the notation). The chosen Cerf decomposition of Y ′ induces
a Cerf decomposition Y θ = (Y θ1 , . . . , Y
θ
m) where each Y
θ
k is just Y
′
k with a trivial 3-stranded tangle
connecting the two boundary components removed. The intermediate surfaces Xθk in this Cerf
decomposition are just closed surfaces with exactly 3 punctures.
To each punctured surface Xθk , we may associate the traceless character variety Mg(Xk),3. Since
∂Y θk = X
θ
k−1 q Xθk , we may define a subset L(Y θk ) ⊂ M−g(Xk−1),3 ×Mg(Xk),3 by restricting SU(2)-
representations of pi1(Y
θ
k ) with traceless holonomy around the strands of the trivial tangle to ∂Y
θ
k .
It is easily proven that L(Y θk ) is in fact a Lagrangian submanifold of M
−
g(Xk−1),3
×Mg(Xk),3, or
equivalently a Lagrangian correspondence Mg(Xk−1),3 −→Mg(Xk),3.
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We define the symplectic instanton homology of Y to be the quilted Floer homology group
SI(Y ) = HF(L(Y θ1 ), . . . , L(Y
θ
m)).
One checks that this quilted Floer group is unchanged under Cerf moves on (Y θ1 , . . . , Y
θ
m) (which
are equivalent to Cerf moves on (Y ′1 , . . . , Y ′m), since the trivial tangle has no interaction with critical
points), so that it is an invariant of the homeomorphism type of Y .
3. Symplectic Instanton Homology of Nontrivial SO(3)-Bundles
The symplectic instanton homology SI(Y ) recalled in the previous section can be thought of as using
the trivial SO(3)-bundle on Y in its definition. More generally, one may wish to define symplectic
instanton homology using a nontrivial SO(3)-bundle on Y , and it will indeed be necessary to have
such a generalization in order to state the surgery exact triangle for symplectic instanton homology.
3.1. Moduli Spaces of Flat SO(3)-Bundles. On a compact, orientable manifold Y of dimension
at most 3, principal SO(3)-bundles P −→ Y are classified by their second Stiefel-Whitney class
w2(P ) ∈ H2(Y, ∂Y ;F2). In particular, if Y is a compact, orientable 3-manifold, then by Poincare´-
Lefschetz duality an SO(3)-bundle P −→ Y is classified by the homology class ω = PD(w2(P )) ∈
H1(Y ;F2). The following proposition, which describes how the homology class ω appears in the
holonomy description for the moduli space of flat connections on P −→ Y , is well-known.
Proposition 3.1. Let Y be a compact, orientable 3-manifold and P −→ Y a principal SO(3)-
bundle on Y . Let ω = PD(w2(P )) and also let ω denote a knot in Y representing this homology
class, by abuse of notation. Then the moduli space of flat connections on P has the holonomy
description
{ρ : pi1(Y \ ω) −→ SU(2) | ρ(µω) = −I}/conjugation,
where µω is a meridian of ω.
3.2. Cerf Decompositions with Homology Class. In analogy with the definition of SI(Y )
(which corresponds to ω = 0) we wish to define a “twisted” version of symplectic instanton homology
using moduli spaces of flat connections on the nontrivial bundle P −→ Y by looking at the pieces of
a Cerf decomposition of Y . To do this, we will incorporate P into our Cerf decompositions through
the homology class ω = PD(w2(P )), by virtue of Proposition 3.1.
Definition 3.2. Let Y be a compact, oriented 3-manifold and ω ∈ H1(Y ;F2) be a mod 2 homology
class in Y . A Cerf decomposition of (Y, ω) is a decomposition
[(Y, ω)] = [(Y1, ω1)] ◦ · · · ◦ [(Ym, ωm)],
where [Y ] = [Y1] ◦ · · · ◦ [Ym] is a Cerf decomposition of Y in the usual sense and for k = 1, . . . ,m,
ωk ∈ H1(Yk;F2) and these classes satisfy the condition that ω1 + · · ·+ωm = ω in H1(Y ;F2) (where
we conflate ωk with its image in H1(Y ;F2) under inclusion ).
In order to decide which Cerf decompositions determine the same pair (Y, ω), we need Cerf moves
for these Cerf decompositions with homology class. The Cerf moves in this context just require
slight modifications made to the usual moves where the homology class is not considered.
Definition 3.3. (Cerf Moves) Let [(Y, φ)] ∈ HomBord03(X−, X+) be an equivalence class of bordisms
and ω ∈ H1(Y ;F2). Suppose we have a Cerf decomposition
[(Y, ω)] = [(Y1, ω1)] ◦ · · · ◦ [(Ym, ωm)].
By a Cerf move we mean one of the following modifications made to [(Y1, ω1)] ◦ · · · ◦ [(Ym, ωm)]:
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(a) (Critical point cancellation) Replace · · · ◦ [(Yk, ωk)] ◦ [(Yk+1, ωk+1)] ◦ · · · with · · · ◦ [(Yk ∪
Yk+1, ωk + ωk+1)] ◦ · · · if [Yk ◦ Yk+1] is a cylindrical bordism.
(b) (Critical point switch) Replace · · · ◦ [(Yk, ωk)] ◦ [(Yk+1, ωk+1)] ◦ · · · with · · · ◦ [(Y ′k, ω′k)] ◦
[(Y ′k+1, ω
′
k+1)] ◦ · · · , where Yk, Yk+1, Y ′k, and Y ′k+1 satisfy the following conditions: Yk ∪
Yk+1 ∼= Y ′k ∪ Y ′k+1, and for some choice of Morse data (f, t), (f ′, t′) inducing the two Cerf
decompositions and a metric on Y , the attaching cycles for the critical points yk and yk+1
of f in Xk and y
′
k and y
′
k+1 of f
′ in X ′k are disjoint; in Xk−1 = X
′
k−1, the attaching cycles
of yk and y
′
k+1 are homotopic; and in Xk+1 = X
′
k+1 the attaching cycles of yk+1 and y
′
k are
homotopic. See Figure 1 for an example of this move. Furthermore, the homology classes
involved should satisfy ωk + ωk+1 = ω
′
k + ω
′
k+1.
(c) (Cylinder creation) Replace · · · ◦ [(Yk, ωk)]◦ · · · with · · · ◦ [(Y ′k, ω′k)]◦ [(Y ′′k , ω′′k)]◦ · · · where
Yk ∼= Y ′k ∪ Y ′′k , one of [Y ′k], [Y ′′k ] is cylindrical, and ωk = ω′k + ω′′k .
(d) (Cylinder cancellation) Replace · · · ◦ [(Yk, ωk)] ◦ [(Yk+1, ωk+1)] ◦ · · · with · · · ◦ [(Yk ◦
Yk+1, ωk + ωk+1)] ◦ · · · whenever one of [Yk], [Yk+1] is cylindrical.
(e) (Homology class swap) Replace · · · ◦ [(Yk, ωk)] ◦ [(Yk+1, ωk+1)] ◦ · · · with · · · ◦ [(Yk, ω′k)] ◦
[(Yk+1, ω
′
k+1)] ◦ · · · whenever ωk + ωk+1 = ω′k + ω′k+1 and at least one of [Yk], [Yk+1] is
cylindrical.
The following fundamental theorem follows effortlessly from the usual Cerf theory.
Theorem 3.4. If [(Y, φ)] is a connected bordism of dimension at least three and ω ∈ H1(Y ;F2),
then any two Cerf decompositions of [(Y, φ, ω)] are related by a finite sequence of Cerf moves.
3.3. Definition via Cerf Decompositions. As before, given a closed, oriented 3-manifold Y ,
we can remove a pair of open balls from Y to get a 3-manifold Y ′ with a Cerf decomposition
(Y ′1 , . . . , Y ′m), and then we can remove a trivial 3-stranded tangle connecting the boundary com-
ponents and missing all critical points get get a 3-manifold Y θ with induced Cerf decomposition
(Y θ1 , . . . , Y
θ
m).
We wish to incorporate the data of a nontrivial SO(3)-bundle ω into our Lagrangian correspon-
dences. Abusing notation, let ω ∈ H1(Y ;F2) be the Poincare´ dual to the second Stiefel-Whitney
class of our SO(3)-bundle. We may represent ω by a smoothly embedded unoriented curve in Y ,
which furthermore may be assumed disjoint from the 3-balls we remove, so that we get an induced
curve ω (taking our abuse of notation further) in Y θ that is geometrically unlinked with the trivial
3-stranded tangle.
In terms of the Cerf decomposition Y θ = (Y θ1 , . . . , Y
θ
m), a generic embedded representative of ω
intersects each intermediate surface Xθk in an even number of points (since they are all separat-
ing). We may then eliminate the intersection points in pairs without changing the homology class
represented by the resulting curve; indeed, the two curves are homologous via a saddle cobordism.
As a result, for each k = 1, . . . ,m, we have an unoriented curve ωk (possibly empty, but we may
assume it is connected up to homology by using saddle moves to merge components) contained on
the interior of Y θk , and ω1 + · · ·+ ωm is homologous to our original ω.
With this data fixed, associate to each piece Y θk of the Cerf decomposition the moduli space
M (Y θk , ωk) =
{
ρ : pi1(Y
θ
k \ (3-tangle ∪ ωk))
−→ SU(2)
∣∣∣∣ ρ(meridian of tangle strand) is tracelessρ(meridian of ωk) = −I
}/
conj.
Denote the image of M (Y θk , ωk) in M
−
g(Xk−1),3
×Mg(Xk),3 under restriction to the boundary by
L(Y θk , ωk).
Proposition 3.5. L(Y θk , ωk) defines a smooth Lagrangian correspondenceMg(Xk−1),3 −→Mg(Xk),3.
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Proof. L(Y θk , ωk) is an isotropic submanifold of M
−
g(Xk−1),3
×Mg(Xk),3 for the same reason L(Y θk )
is (the proof applies verbatim). L(Y θk , ωk) is clearly 3(g(Xk−1) + g(Xk)) =
1
2 dim(M
−
g(Xk−1),3
×
Mg(Xk),3)-dimensional, hence it is Lagrangian. 
Now we verify that the generalized Lagrangian correspondence (L(Y θ1 , ω1), . . . , L(Y
θ
m, ωm)) doesn’t
depend on the choice of Cerf decomposition.
Theorem 3.6. The morphism (L(Y θ1 , ω1), . . . , L(Y
θ
m, ωm)) ∈ HomSymp(M0,3,M0,3) is unchanged
under Cerf moves on ((Y θ1 , ω1), . . . , (Y
θ
m, ωm)).
Proof. The proof of invariance under Cerf moves (a)-(d) are just trivial modifications of the ω = 0
case proved in [Hor16, Theorem 3.5]. It remains to check invariance under the new Cerf move
appearing when homology classes are introduced, the homology class swap. We wish to compare
(. . . , L(Y θk , ωk), L(Y
θ
k+1, ωk+1), . . . ) and (. . . , L(Y
θ
k , ω
′
k), L(Y
θ
k+1, ω
′
k+1), . . . ), where at least one of
Y θk , Y
θ
k+1 are cylindrical and ωk + ωk+1 = ω
′
k + ω
′
k+1. Without loss of generality, suppose Y
θ
k+1 is
cylindrical. Then Y θk ∪ Y θk+1 ∼= Y θk and the associated Lagrangian correspondences are composable,
and
L(Y θk , ωk) ◦ L(Y θk+1, ωk+1) ∼= L(Y θk , ωk + ωk+1)
= L(Y θk , ωk + ω
′
k+1)
∼= L(Y θk , ω′k) ◦ L(Y θk+1, ω′k+1).
It follows that (. . . , L(Y θk , ωk), L(Y
θ
k+1, ωk+1), . . . ) and (. . . , L(Y
θ
k , ω
′
k), L(Y
θ
k+1, ω
′
k+1), . . . ) are iden-
tical morphisms in HomSymp(M0,3,M0,3). 
We define the symplectic instanton homology of (Y, ω) to be the quilted Floer homology group
SI(Y, ω) = H∗(CF(L(Y θ1 , ω1), . . . , L(Y
θ
m, ωm)).
By Theorem 3.6, SI(Y, ω) depends only on the diffeomorphism type of Y and the homology class
ω ∈ H1(Y ;F2).
3.4. Definition via Heegaard Diagrams. For computations, it is best to use a nice, symmetric
kind of Cerf decomposition. A genus g Heegaard splitting of Y , Y = Hα ∪Σg Hβ, will induce a
Cerf decomposition with 2g pieces, one for each handle of Hα and Hβ. We can explicitly visualize
these handle attachments using a Heegaard diagram. Recall that a genus g (pointed) Heegaard
diagram is a tuple (Σg,α,β, z) consisting of a closed surface Σg, two g-tuples of simple closed
curves α = {α1, . . . , αg} and β = {β1, . . . , βg}, and a basepoint z ∈ Σg \ (α ∪ β) satisfying the
following conditions:
• The α-curves are all pairwise disjoint and the β-curves are all pairwise disjoint. (An α-curve
is permitted to intersect a β-curve, however)
• The α-curves are linearly independent in H1(Σg;R), and the β-curves are linearly indepen-
dent in H1(Σg;R).
A Heegaard diagram (Σg,α,β, z) is assigned to a Heegaard splitting Y = Hα∪ΣgHβ by identifying
the Heegaard surface with the abstract surface Σg, taking the α-curves to be disjoint, homologi-
cally independent curves bounding disks in Hα, taking the β-curves to be disjoint, homologically
independent curves bounding disks in Hβ, and taking z to be any point disjoint from the chosen
α- and β-curves. There are many choices for α- and β-curves satisfying these conditions, but they
are related by a finite sequence of the following moves:
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(1) (Isotopies) Any α-curve can we changed by an isotopy that misses the other α-curves and
the basepoint z. Any β-curve can we changed by an isotopy that misses the other β-curves
and the basepoint z.
(2) (Handleslides) If γ1, γ2, and γ3 are disjoint simple closed curves in a surface Σ which together
bound a embedded pair of pants (called the “handleslide region”) in Σ, we say that γ3 is a
handleslide of γ1 over γ2 (the order of the curves is irrelevant for this definition). We can
replace any α-curve αk by a curve α
′
k that is a handleslide of αk over another α-curve αj ,
j 6= k, as long as the handleslide region does not contain any other α-curve or the basepoint
z. We can replace any β-curve βk by a curve β
′
k that is a handleslide of βk over another
β-curve βj , j 6= k, as long as the handleslide region does not contain any other β-curve or
the basepoint z.
By the Reidemeister-Singer theorem, all Heegaard splittings of a given 3-manifold Y differ up to
isotopy only by (de)stabilizations, which amounts to connect summing with the standard genus 1
Heegaard splitting for S3 (or removing such a connect summand). In terms of Heegaard diagrams,
this amounts to the following move:
(3) (Stabilization) Let H0 = (Σ1, α0, β0) be the (unpointed) genus 1 Heegaard diagram with α0
the standard meridian of Σ1 and β0 the standard longitude. Then the stabilization H
′ of
a Heegaard diagram H = (Σg,α,β, z) is the connect sum of this diagram with the diagram
H0. In other words, H
′ = (Σg+1,α ∪ {α0},β ∪ {β0}, z). The connect sum is performed in
a small neighborhood of the basepoint z.
All possible Heegaard diagrams representing a Heegaard splitting of a 3-manifold Y are related by
a finite sequence of isotopies, handleslides, and (de)stabilizations. Hence to prove that an invariant
of Heegaard diagrams induces an invariant of 3-manifolds, we need only check that the invariant is
unchanged under moves (1)-(3).1
A Heegaard diagram (Σg,α,β, z) for a 3-manifold Y gives a Cerf decomposition with trivial 3-
tangle for Y θ by the following process. Start with Σg × [−1, 1]. Attach 2-handles to Σg × {−1}
along the curves αk × {−1} to obtain the α-handlebody minus a 3-ball, H ′α, and attach 2-handles
to Σg×{1} along the curves βk×{1} to obtain the β-handlebody minus a 3-ball, H ′β; we then have
Y ′ := Y \ (two 3-balls) = H ′α∪ (Σg× [−1, 1])∪H ′β. Since the α-curves (resp. β-curves) are pairwise
disjoint, the order of the handle attachments for each handlebody is irrelevant. We can dually think
of H ′α as being obtained from 1-handle attachments, so that we have a Cerf decomposition
Y ′ = Yα1 ∪Σ1 Yα2 ∪Σ2 · · · ∪Σg−1 Yαg ∪Σg Yβg ∪Σg−1 · · · ∪Σ1 Yβ1 ,
where each Yαk : Σk−1 −→ Σk is a 1-handle cobordism induced by the curve αk, and each Yβk :
Σk −→ Σk−1 is a 2-handle cobordism induced by the curve βk. Since the basepoint z ∈ Σg is
disjoint from all attaching cycles, we can fix a Morse function inducing this Cerf decomposition
and consider the gradient flow line γz passing through z; this flow line necessarily connects the
two boundary 2-spheres of Y ′. We may therefore remove a trivial 3-stranded tangle from a regular
neighborhood of γz get a Cerf decomposition
Y θ = Y θα1 ∪Σ1,3 Y θα2 ∪Σ2,3 · · · ∪Σg−1,3 Y θαg ∪Σg,3 Y θβg ∪Σg−1,3 · · · ∪Σ1,3 Y θβ1 .
Given a mod 2 homology class ω ∈ H1(Y ;F2), we can write
ω = ωα1+· · ·+ωαg+ωβg+· · ·+ωβ1 ∈ H1(Yα1 ;F2)⊕· · ·⊕H1(Yαg ;F2)⊕H1(Yβg ;F2)⊕· · ·⊕H1(Yβ1 ;F2).
1We have already proved the more general statement that SI(Y, ω) is an invariant of (Y, ω) by defining it in terms
of Cerf decompositions and showing it is unchanged under Cerf moves.
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Clearly these induce well-defined mod 2-homology classes in Y θ, which we will still denote by ω,
ωαk , and ωβk . We therefore get a Cerf decomposition with homology class
(3.1) (Y θ, ω) = (Y θα1 , ωα1) ∪Σ1,3 · · · ∪Σg−1,3 (Y θαg , ωαg) ∪Σg,3 (Y θβg , ωβg) ∪Σg−1,3 · · · ∪Σ1,3 (Y θβ1 , ωβ1).
We wish to simplify the generalized Lagrangian correspondence associated to this Cerf decompo-
sition. The first thing to note is that we can take almost all of the homology classes to be zero.
Indeed, by applying the Mayer-Vietoris sequence to the Heegaard splitting Y = Hα ∪Σg Hβ, one
sees that both iα∗ : H1(Hα;F2) −→ H1(Y ;F2) and iβ∗ : H1(Hβ;F2) −→ H1(Y ;F2) are surjective, so
that one may take ω to be represented by a circle lying entirely in just one of the handlebodies,
say Hα. Furthermore, i∗ : H1(Σg;F2) −→ H1(Hα;F2) is also a surjection, so we can further restrict
to the case where ω is represented by a curve in a collar neighborhood of the boundary of Hα.
This implies that we can insert a cylinder (Σg,3× [0, 1], ω) between (Y θαg , ωαg) and (Y θβg , ωβg) in the
Cerf decomposition (3.1) and set all the other homology classes equal to zero. The Lagrangian
correspondence associated to (Σg,3 × [0, 1], ω) turns out to have a simple description:
Lemma 3.7. Let W θ = Σg,3× [0, 1] be a trivial cobordism with a trivial 3-stranded tangle removed,
and suppose ω ∈ H1(W θ;F2). Then
L(W θ, ω) = {([ρ], [ρ′]) ∈Mg,3 ×Mg,3 | ρ′(γ) = (−1)γ·ωρ(γ) for each γ},
where γ is any smooth curve in Σg,3 and γ · ω is the mod 2 intersection number of γ with the
projection of a geometric representative for ωα to Σg,3.
Proof. L(W θ, ω) consists of pairs of (gauge equivalence classes of) connections (A0, A1) ∈Mg,3 ×
Mg,3 which are the boundary values of a connection A on W θ that has traceless holonomy around
each strand of the trivial tangle and holonomy −I around the meridian of the curve ω. For any
based curve γ in Σg,3 (with basepoint missing ω), consider γ × [0, 1] ⊂ W θ as a rectangle. This
rectangle intersects ω exactly γ · ω times. Therefore the holonomy of A around the boundary of
this square is (−I)γ·ω. This holonomy is also equal to Holγ×{1}(A) Holγ×{0}(A)−1, and therefore
Holγ×{1}(A) = (−1)γ·ω Holγ×{0}(A)
for any curve γ in Σg,3. 
The following theorem shows that in the current setup, we can associate genuine Lagrangian sub-
manifolds of Mg,3 to Hα and Hβ, not just generalized Lagrangian correspondences pt −→Mg,3.
Theorem 3.8. The geometric compositions
Lωα = L(Y
θ
α1) ◦ · · · ◦ L(Y θαg) ◦ L(Σg,3 × [0, 1], ω)
and
Lωβ = L(Σg,3 × [0, 1], ω) ◦ L(Y θβg) ◦ · · · ◦ L(Y θβ1)
are embedded.
Proof. The proof that the geometric composition
Lα = L(Y
θ
α1) ◦ · · · ◦ L(Y θαg)
is embedded is already known from [Hor16, Section 4]. Lα has the holonomy description
Lα = {[ρ] ∈Mg,3 | ρ(αk) = I for each k}.
Then it is clear by Lemma 3.7 that
Lωα = Lα ◦ L(Σg,3 × [0, 1], ω)
= {[ρ] ∈Mg,3 | ρ(αk) = (−1)αk·ωI for each k}
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and that this composition is embedded. The analogous statement for Lωβ follows in the same
way. 
The holonomy description for Lωα (and the obvious analogue for L
ω
β ) is useful in its own right, so
we record it separately here:
Proposition 3.9. Given ω ∈ H1(Y ;F2) and a Heegaard splitting Y = Hα ∪Σg Hβ, represent ω by
a smooth loop in a bicollar neighborhood of the Heegaard surface, which we may assume lies on a
parallel copy of Σg. Then
Lωα = {[ρ] ∈Mg,3 | ρ(αk) = (−1)αk·ωI for each k},
Lωβ = {[ρ] ∈Mg,3 | ρ(βk) = (−1)βk·ωI for each k},
where αk·ω is the mod 2 intersection number of αk with the projection of the geometric representative
for ω to Σg, and similarly for βk · ω.
As a consequence of the above, when SI(Y, ω) is computed from a Heegaard splitting, it can be com-
puted as a classical Lagrangian Floer homology group for two Lagrangians in Mg,3, rather than the
quilted Floer homology group of a pair of generalized Lagrangian correspondences. Furthermore,
we may always think of ω ∈ H1(Y ;F2) as represented by a curve in a parallel copy of the Heegaard
surface, and incorporate it either into the Lagrangian for the α-handlebody or the β-handlebody.
Hence we may compute the symplectic instanton homology as
SI(Y, ω) = HF(Lωα, Lβ) = HF(Lα, L
ω
β ),
so that only one of the Lagrangians is different from the ω = 0 case in [Hor16], and the way it is
different is described exactly as in Proposition 3.9.
Note that Theorem 4.2 of [Hor16] (which says that Lα is a copy of (S
3)g for any set of attaching
curves α) applies equally well to Lωα, so that L
ω
α is a Lagrangian (S
3)g in Mg,3, and furthermore
this identification is achieved by conjugating [A1, . . . , Bg, C1, C2, C3] ∈ Lωα to [A′1, . . . , B′g, i, j,−k]
(it turns out that the (A′1, . . . , B′g) describe a g-fold product of 3-spheres when varying over all
[A1, . . . , Bg, C1, C2, C3] ∈ Lα, see [Hor16, Theorem 4.2]). This identification says that we can
consider Lωα as SU(2)-representations of the α-handlebody minus ω sending the meridian of ω to
−I, without modding out by conjugation. This in turn leads to the following interpretation of
Lωα ∩ Lβ:
Theorem 3.10. For any two sets of attaching curves α and β and homology class ω ∈ H1(Y ;F2),
we have that
Lωα ∩ Lβ ∼= {ρ : pi1(Y \ ω) −→ SU(2) | ρ(µω) = −I}.
Proof. Let Hα and Hβ denote the α- and β-handlebodies, respectively. Then the discussion above
shows that
Lα = {ρ : pi1(Hα \ ω) −→ SU(2) | ρ(µω) = −I}, Lβ = Hom(pi1(Hβ), SU(2)),
where we do not mod out by the action of conjugation. Furthermore, wee see that{
[A1, B1, . . . , Ag, Bg, C1, C2, C3] ∈Mg,3
∣∣∣∣∣
g∏
k=1
[Ak, Bk] = I
}
= Hom(pi1(Σg),SU(2)),
and Lωα, Lβ always lie entirely inside this subset of Mg,3. Therefore by the Seifert-Van Kampen
theorem an intersection point of Lωα and Lβ corresponds to an element of {ρ : pi1(Y \ω) −→ SU(2) |
ρ(µω) = −I}. 
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We also remark that the proof of naturality for SI(Y ) in [Hor16, Section 6] directly translates to a
proof of naturality for SI(Y, ω), resulting in the following:
Theorem 3.11. SI(Y, ω) is a natural invariant of the pair (Y, ω), in that one can pin down SI(Y, ω)
as a concrete group as opposed to an isomorphism class of groups.
3.5. Computations for Nontrivial Bundles. Many of the computations for SI(Y ) from [Hor16,
Section 7] can be generalized to nontrivial SO(3)-bundles.
Proposition 3.12. For any closed, oriented 3-manifold Y and any SO(3)-bundle ω on Y ,
χ(SI(Y, ω)) =
{
|H1(Y ;Z)|, if b1(Y ) = 0,
0, otherwise.
We will postpone the proof of Proposition 3.12 until Section 6.
Proposition 3.13. As a Z/2-graded unital algebra, we have that
SI(S2 × S1, ω) =
{
H3−∗(S3), if ω is trivial,
0, if ω is nontrivial.
Proof. For ω = 0, this is Proposition 7.3 of [Hor16]. For ω nontrivial, we proceed as follows. The
nonzero element ω ∈ H1(S2 × S1;F2) ∼= F2 can be represented by {pt} × S1. Consider the genus
1 Heegaard diagram (Σ1, α, β, z) for S
2 × S1, where α = β is the meridian of the torus. In this
Heegaard diagram, ω can be realized as the standard longitude of the torus. Pushing this into the
α-handlebody, we see that
Lα = {[−I, A, i, j,−k]}, Lβ = {[I, A, i, j,−k]}.
Then Lα ∩ Lβ = ∅, so that we necessarily have SI(S2 × S1, ω) = 0. 
Proposition 3.14. Let p and q be relatively prime positive integers and ω be any SO(3)-bundle on
L(p, q). Then SI(L(p, q), ω) ∼= Zp.
Proof. For ω = 0, this is Proposition 7.4 of [Hor16]. For ω 6= 0, the computation proceeds in the
same way: if we fix the standard genus 1 pointed Heegaard diagram (Σ1, α, β, z) for L(p, q), where
α is the standard meridian m and β = qm+ p` in pi1(Σ1) ∼= Z〈m〉 ⊕ Z〈`〉, then intersection points
of Lωα and Lβ correspond to p
th roots of ±I in SU(2). For either choice of sign, we have one of the
following descriptions of Lωα ∩ Lβ:
• If p is odd, Lωα ∩ Lβ consists of an isolated point (the trivial representation) and 12(p − 1)
copies of S2.
• If p is even, Lωα ∩ Lβ consists of an isolated point (again the trivial representation) and
1
2(p− 2) copies of S2.
In either case, Poz´niak’s Morse-Bott spectral sequence [Poz99] has E1-page H∗(Lωα ∩ Lβ) ∼= Zp
and converges to HF(Lωα, Lβ)
∼= SI(L(p, q), ω). Since χ(SI(L(p, q), ω)) = p by Proposition 3.12, the
spectral sequence must collapse immediately, so that SI(L(p, q), ω) ∼= Zp. 
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3.6. Connected Sums. The Ku¨nneth principle satisfied by the symplectic instanton homology of
trivial SO(3)-bundles has a straightforward generalization to the nontrivial case.
Theorem 3.15. For any closed, oriented 3-manifolds Y and Y ′ equipped with SO(3)-bundles ω
and ω′, the symplectic instanton chain complex for (Y#Y ′, ω#ω′) satisfies the following Ku¨nneth
principle:
CSI(Y#Y ′, ω ∪ ω′) ∼= CSI(Y, ω)⊗ CSI(Y ′, ω′).
Proof. Given Heegaard diagrams H = (Σg,α,β, z) for Y and H
′ = (Σg′ ,α′,β′, z′) for Y ′, we get
a Heegaard diagram H#H′ = (Σg+g′ ,α ∪α′,β ∪ β′, z′′) for Y#Y ′, where we perform the connect
sum by removing neighborhoods of z and z′, and z′′ ∈ Σg+g′ is a point in the connect sum region.
Note that in H#H′, the attaching regions for the α- and β-handles are completely disjoint from the
attaching regions for the α′- and β′-handles. Therefore by a sequence of critical point switches, we
can construct Y#Y ′ by attaching handles in the following order: α-handles, β-handles, α′-handles,
β′-handles (if the attaching regions were not disjoint, in general we could only attach (α ∪ α′)-
handles and then (β ∪ β′)-handles). Furthermore, the embedded loops ω and ω′ can be chosen to
lie in the parts of the Cerf decomposition involving the α- and α′-handle attachments, respectively.
Therefore we get a sequence of Lagrangian correspondences
M0,3
Lωα−−−→Mg,3 Lβ−−−→M0,3
Lω
′
α′−−−→Mg′,3
Lβ′−−−→M0,3,
which by Theorem 3.6 is geometrically equivalent to the sequence given by the Heegaard diagram
H#H′:
M0,3
Lω∪ω
′
α∪α′−−−−−→Mg+g′,3
Lβ∪β′−−−−−→M0,3.
Hence we have an identification of quilted Floer complexes
CF(Lω∪ω
′
α∪α′ , Lβ∪β′) ∼= CF(Lωα, Lβ, Lω
′
α′ , Lβ′).
On the other hand, Lβ and L
ω′
α′ have embedded geometric composition, and since M0,3 = {pt}, it
is clear that Lβ ◦ Lω′α′ ∼= Lβ × Lω
′
α′ ⊂Mg,3 ×Mg′,3. Therefore
CF(Lω∪ω
′
α∪α′ , Lβ∪β′) ∼= CF(Lωα, Lβ × Lω
′
α′ , Lβ′)
= CF(Lωα × Lβ′ , Lβ × Lω
′
α′)
∼= CF(Lωα, Lβ)⊗ CF(Lω
′
α′ , Lβ′). 
3.7. On (#nS3)#(#g−nS2 × S1). Let H = (Σg,β,γ) denote the standard Heegaard diagram for
(#nS3)#(#g−nS2 × S1), with the first n β- and γ-curves corresponding to the S3 summands.
Write L′β (resp. L
′
γ) for the Lagrangian in Mn,3 corresponding to the first n β- (resp. γ-) handle
attachments. Let Lβγ denote the Lagrangian correspondence Mn,3 −→ Mg,3 corresponding to
attaching the remaining g − n handles (which are the same for β and γ).
For the Heegaard diagram H above, we have Lβ ∩ Lγ ∼= (S3)g−n and this intersection is clean.
There is a Hamiltonian isotopy ϕ of Mg,3 taking Lγ to another Lagrangian L˜γ such that Lβ ∩ L˜γ
consists of 2g−n points, and in fact this isotopy can be chosen so that
Lβ ∩ L˜γ = {[I, I, . . . , I, I, I, (−1)1I, . . . , I, (−1)g−nI] ∈Mg,3 | (1, . . . , g−n) ∈ {0, 1}g−n}.
Under the isomorphism of unital algebras CF(Lβ, L˜γ) ∼= SI(#g−nS2 × S1) ∼= H3−∗(S3)⊗(g−n), the
element Θβγ ∈ CF(Lβ, L˜γ) corresponding to the intersection point with (1, . . . , g−n) = (1, . . . , 1)
maps to the unit of H3−∗(S3)⊗(g−n).
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β
L
0
γ
~Lβγ
Mn;3 Mg;3
Figure 2. The quilt defining the map CF(L′β, L
′
γ) −→ CF(L′β, LTβγ , Lβγ , L′γ) : θ 7→
θ ×Θβγ .
Now, write L˜βγ for the image of the Lagrangian correspondence Lβγ under the Hamiltonian isotopy
id×ϕ of Mn,3 ×Mg,3 (with ϕ as in the previous paragraph), and consider the quilt map pictured
in Figure 2. Because Θβγ is the unit of CF(Lβ, L˜γ) ∼= CF(L′β, LTβγ , Lβγ , L′γ), it is easy to see that
the relative invariant defined by this quilt is simply the map θ 7→ θ ×Θβγ .
More generally, if L′β ∩ L′γ = {[ρ0]} for some representation ρ0 (not necessarily the trivial repre-
sentation), then the quilt map of Figure 2 is given by ρ0 7→ ρ0 ×Θρ0 , where in this case we define
Θρ0 similarly to Θβγ , except that on Σn \ pt ⊂ Σg, it should agree with ρ0 instead of the trivial
representation. This fact will be useful later on.
4. Functoriality for Nontrivial Bundles
Now we turn to the topic of functoriality of symplectic instanton homology with respect to cobor-
disms in the presence of nontrivial SO(3)-bundles, i.e. assigning to each bundle cobordism (W,P ) :
(Y0, P0) −→ (Y1, P1) a homomorphism between the symplectic instanton homologies of the bound-
ary components.
4.1. The Statement. By a classic theorem of Dold and Whitney [DW59], SO(3)-bundles on a
compact 4-manifold W are classified by pairs (w2, p1) ∈ H2(W ;Z/2) × H4(W ;Z) (the Stiefel-
Whitney and Pontryagin classes of the bundle) such that the Pontryagin square of w2 is the mod
4 reduction of p1. Since H
4(W ) = 0 for ∂W 6= ∅, we therefore see that SO(3)-bundles over
a cobordism between non-empty 3-manifolds are simply classified by their second Stiefel-Whitney
class. By Poincare´-Lefschetz duality, we may then think of such a bundle P −→W as corresponding
to a relative mod 2 homology class Ω ∈ H2(W,∂W ;F2). By naturality of Poincare´-Lefschetz duality,
we furthermore have that if ∂Ω = ω0⊕ω1 ∈ H1(Y0;F2)⊕H1(Y1;F2) ∼= H1(∂W ;F2) (where ∂ is the
connecting homomorphism in the long exact sequence of the pair (W,∂W )), then ωi is the mod 2
homology class representing the SO(3)-bundle Pi = i
∗
Yi
P . In this way, we eliminate direct reference
to SO(3)-bundles in this section.
Let W : Y −→ Y ′ be a compact, connected, oriented cobordism of closed, connected, oriented 3-
manifolds. Given a mod 2 relative homology class Ω ∈ H2(W,∂W ;F2), write ω⊕ω′ ∈ H1(Y ;F2)⊕
H1(Y
′;F2) ∼= H1(∂W ;F2) for its image under the boundary map in the long exact sequence for the
pair (W,∂W ). Let use write (W,Ω) : (Y, ω) −→ (Y ′, ω′) for such a combination of a cobordism
with a mod 2 homology class. We claim the following:
Theorem 4.1. To any compact, connected, oriented cobordism with homology class (W,Ω) :
(Y, ω) −→ (Y ′, ω′) we may associate a well-defined homomorphism SI(W,Ω) : SI(Y, ω) −→ SI(Y ′, ω′)
that is functorial in the following sense:
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(1) For any closed, connected, oriented 3-manifold Y , SI(Y × [0, 1], ω × [0, 1]) = idSI(Y,ω).
(2) For any other compact, connected, oriented cobordism with homology class (W ′,Ω′) : (Y ′, ω′) −→
(Y ′′, ω′′), we have
SI(W ∪Y ′ W ′,Ω ∪Y ′ Ω′) = SI(W ′,Ω′) ◦ SI(W,Ω).
The homomorphism SI(W,Ω) is constructed similarly to the Ω = 0 case treated in [Hor16], defined
first for individual handle attachments and then extended to arbitrary (W,Ω) by Kirby calculus.
4.2. 1-Handle Attachments. First, suppose (W1,Ω) : (Y, ω) −→ (Y ′, ω′) consists of a single 1-
handle attachment. Then we necessarily have that Y ′ ∼= Y#(S2×S1). A Mayer-Vietoris argument
shows that in this case, H2(W1;F2) ∼= H2(Y ;F2), and therefore H2(W1, ∂W1;F2) ∼= H1(Y ;F2). It
follows that for 1-handle attachments, we necessarily have ω′ = ω∪0 ∈ H1(Y ;F2)⊕H1(S2×S1;F2) ∼=
H1(Y
′;F2), and the handle attachment map must be of the form
CSI(W1,Ω) : CSI(Y, ω) −→ CSI(Y, ω)⊗ CSI(S2 × S1, 0).
Recall that CSI(S2 × S1, 0) ∼= H3−∗(S3) as a unital algebra; let Θ denote its unit. Then we define
the 1-handle attachment map in the same way as the Ω = 0 case:
CSI(W1,Ω)(ξ) = ξ ⊗Θ.
If W1 consists of m 1-handle attachments, we may decompose it as W1 = W1,1 ∪ · · · ∪W1,m and
define
CSI(W1,Ω) = CSI(W1,m,Ω) ◦ · · · ◦ CSI(W1,1,Ω),
where the homology classes Ω are all the same by the above discussion. We may then proceed
exactly as in the Ω = 0 case [Hor16, Theorem 8.2] to obtain the following:
Theorem 4.2. The map SI(W1,Ω) : SI(Y, ω) −→ SI(Y ′, ω′) is invariant under the ordering of the
1-handles of W1 and handleslides amongst them, and therefore is an invariant of the pair (W1,Ω).
4.3. 3-Handle Attachments. The situation for 3-handles is dual to the 1-handle case. If (W3,Ω) :
(Y, ω) −→ (Y ′, ω′) consists of a single 3-handle attachment, then Y ∼= Y ′#(S2×S1) andH2(W,∂W ;F2) ∼=
H1(Y
′;F2). Hence ω = ω′ ∪ 0 ∈ H1(Y ′;F2) ⊕H1(S2 × S1;F2), and the handle attachment map is
of the form
CSI(W3,Ω) : CSI(Y
′, ω′)⊗ CSI(S2 × S1, 0) −→ CSI(Y ′, ω′).
We may then define the 3-handle attachment map in the same way as the Ω = 0 case:
CSI(W3,Ω)(ξ ⊗ η) =
{
ξ, if η = Θ,
0, if η 6= Θ.
If W3 consists of m 3-handle attachments, we may decompose it as W3 = W3,1 ∪ · · · ∪W3,m and
define
CSI(W3,Ω) = CSI(W3,m,Ω) ◦ · · · ◦ CSI(W3,1,Ω),
where the homology classes Ω are all the same by the above discussion. We may then proceed
exactly as in the Ω = 0 case [Hor16, Theorem 8.5] to obtain the following:
Theorem 4.3. The map SI(W3,Ω) : SI(Y, ω) −→ SI(Y ′, ω′) is invariant under the ordering of the
3-handles of W3 and handleslides amongst them, and therefore is an invariant of the pair (W3,Ω).
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4.4. 2-Handle Attachments. Finally, consider the case where (W2,Ω) : (Y, ω) −→ (Y ′, ω′) con-
sists of a single 2-handle attachment. A 2-handle is attached to Y × {1} ⊂ Y × [0, 1] along a
framed link L = (L, λ) to obtain Y ′ ∼= Y (L). H1(Y ;F2) and H1(Y ′;F2) differ only possibly in the
homology class represented by the meridian of the link L; write ωL for the mod 2 homology class
of L in Y and write ω′L for the mod 2 homology class of L in Y
′. It is easy to see that the image
of any Ω ∈ H2(W2, ∂W2;F2) in H1(Y ;F2)⊕H1(Y ′;F2) under the boundary map in the long exact
sequence for the pair (W2, ∂W2) must have the form
(i∗ω + ωL, i′∗ω + 
′ω′L) ∈ H1(Y ;F2)⊕H1(Y ′;F2),
where , ′ ∈ F2, ω is a mod 2 homology class in Y \ L, and i : Y \ L ↪→ Y and i′ : Y \ L ↪→ Y ′ are
the inclusion maps.
In order to define the 2-handle maps, we follow constructions of Ozsva´th and Szabo´ and use
Heegaard splittings which are subordinate to the framed link L in a suitable sense.
Definition 4.4. A bouquet for the framed link L ⊂ Y of n components is a 1-complex B(L)
embedded in Y with
• n+ 1 0-cells given by a basepoint y0 ∈ Y \ L and basepoints yi ∈ Li.
• 2n 1-cells given by the Li and n paths δi ⊂ Y satisfying δi(0) = y0, δi(1) = yi, and
δi([0, 1)) ∩ L = ∅.
Clearly a regular neighborhood of a bouquet B(L) is a genus n-handlebody and L is unknotted
inside this handlebody. This handlebody may not give a Heegaard splitting of Y , but there will
be some genus g ≥ n Heegaard splitting of Y with one of the handlebodies containing this regular
neighborhood. Hence we introduce the following definition.
Definition 4.5. A Heegaard triple (Σg,α,β,γ, z) is said to be subordinate to the bouquet
B(L) if the following conditions are satisfied:
• Attaching 2-handles along {αi}gi=1 and {βi}gi=n+1 gives the complement of B(L) in Y .
• γi = βi for i = n+ 1, . . . , g.
• After surgering out βn+1, . . . , βg, both βi and γi lie in the obvious punctured torus Ti ⊂ Σg
corresponding to Li for i = 1, . . . , n.
• For i = 1, . . . , n the βi are meridians for Li and the γi are the longitudes of Li specified by
λi.
Note that for such a Heegaard triple, Hαβ = (Σg,α,β, z) is a Heegaard diagram for Y , Hαγ =
(Σg,α,γ, z) is a Heegaard diagram for Y (L), and Hβγ = (Σg,β,γ, z) is a Heegaard diagram for
#g−n(S2 × S1).
We may now proceed to define 2-handle cobordism maps. Let Y be a closed, connected, oriented
3-manifold and L a framed link in Y , write W2 for the cobordism corresponding to attaching a
2-handle to Y along L, and let Ω ∈ H2(W2, ∂W2;F2) be any homology class. Recall from the above
that
∂Ω = (i∗ω + ωL, i′∗ω + 
′ω′L) ∈ H1(Y ;F2)⊕H1(Y ′;F2).
Now, fixing a bouquet B(L) for L and a Heegaard triple H = (Σg,α,β,γ, z) subordinate to B(L),
we can represent the mod 2 homology classes i∗ω + ωL and i′∗ω + ′ω′L by a knot lying in the
α-handlebody of Y and Y (L). It is clear that Lβ ∩ Lγ ∼= (S3)g−n is a clean intersection, and
therefore
HF(Lβ, Lγ) = SI(S
3, 0)⊗n ⊗ SI(S2 × S1, 0)⊗(g−n) ∼= H3−∗(S3)⊗(g−n)
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!+γ0!0
L
α
Θβγ
Figure 3. Triangles counted by the 2-handle map CSI(W2,Ω).
as a unital algebra; write Θβγ for its unit. We then define the 2-handle attachment map as a
triangle map for the Lagrangians Li∗ω+ωLα = L
i′∗ω+′ω′L
α , Lβ, and Lγ (see Figure 3):
CSI(W2,Ω) : CSI(Y, i∗ω + ωL) −→ CSI(Y (L), i′∗ω + ′ω′L),
ξ 7→ µαβγ2 (ξ,Θβγ).
With the effect of Ω relegated to the Lagrangian for the α-handlebody, proving that SI(W2,Ω) is
independent of the choice of bouquet for L, the ordering of the components of L, and handleslides
among the components of L proceeds exactly as usual, as the proofs for the Ω = 0 case only used
the algebra structure of HF(Lβ, Lγ). Hence we conclude the following.
Theorem 4.6. The map SI(W2,Ω) : SI(Y, ω) −→ SI(Y ′, ω′) induced by adding 2-handles to a
framed link L in Y is independent of the choice of bouquet B(L) used to define it. Furthermore,
if L1 and L2 are two framed links in Y and Ωk ∈ H2(W (Lk), ∂W (Lk);F2) (k = 1, 2) are mod 2
homology classes with Ω1|Y (L1) = Ω2|Y (L1), then
SI(W (L1 ∪ L2),Ω1 ∪ Ω2) = SI(W (L2),Ω2) ◦ SI(W (L1),Ω1)
and if L′ differs from L by handleslides amongst the components of L, then SI(W (L′),Ω) =
SI(W (L),Ω).
4.5. General Cobordisms. Now, given an arbitrary 4-dimensional cobordism W : Y −→ Y ′, we
may represent it as a relative handlebody built on Y , with handles of index 1, 2, and 3 added in
order of increasing index. Hence we may write W = W1 ∪W2 ∪W3, where each Wk is a cobordism
consisting entirely of k-handles. Furthermore, given a homology class Ω ∈ H2(W,∂W ;F2), there
exist homology classes Ωk ∈ H2(Wk, ∂Wk;F2) such that
Ω = (i1)∗Ω1 + (i2)∗Ω2 + (i3)∗Ω3.(4.1)
We then define
SI(W,Ω) = SI(W3,Ω3) ◦ SI(W2,Ω2) ◦ SI(W1,Ω1).
To prove that SI(W,Ω) : SI(Y, ω) −→ SI(Y ′, ω′) as defined above is an invariant of (W,Ω), we
must show that Kirby moves on the handles of W as well as different choices of the Ωk satisfying
Equation (4.1) result in the same homomorphism.
First we show independence of the decomposition of Ω as in Equation (4.1). Recall from the
discussion of 1- and 3-handle maps that we necessarily have Ω1 = ω × [0, 1] for ω = Ω|Y and
Ω3 = ω
′ × [0, 1] for ω′ = Ω|Y ′ . This forces the decomposition of Equation (4.1) to be unique, so
that it causes no trouble for the well-definedness of SI(W,Ω).
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As for invariance under Kirby moves, we have already checked those Kirby moves which involve
handles all of the same index, and it only remains to show that cancelling pairs of handles does not
change SI(W,Ω). The proofs of the corresponding results when Ω = 0 [Hor16, Lemmata 8.15 and
8.16] apply word-for-word here, so we omit them.
Lemma 4.7. Let W1 : Y −→ Y ′ be a cobordism corresponding to a single 1-handle attachment,
and let W2 : Y
′ −→ Y ′′ be a cobordism corresponding to a 2-handle attachment along a framed
knot K in Y ′ that cancels the 1-handle from W1. Then for any Ω ∈ H2(W1 ∪W2, ∂(W1 ∪W2);F2),
SI(W1 ∪W2,Ω) is the identity map.
Lemma 4.8. Let W2 : Y −→ Y ′ be a cobordism corresponding to attaching a 2-handle along a
framed knot K in Y , and let W3 : Y ′ −→ Y ′′ be a cobordism corresponding to attaching a 3-handle
to Y ′ along some 2-sphere such that the 3-handle cancels the 2-handle from W2. Then for any
Ω ∈ H2(W2 ∪W3, ∂(W2 ∪W3);F2), SI(W2 ∪W3,Ω) is the identity.
As a result of the work done thus far in this section, we conclude the following.
Theorem 4.9. For any compact, connected, oriented cobordism W : Y −→ Y ′ of closed, connected,
oriented 3-manifolds Y and Y ′ and any homology class Ω ∈ H2(W,∂W ;F2), there is a well-defined
homomorphism SI(W,Ω) : SI(Y,Ω|Y ) −→ SI(Y ′,Ω|Y ′) that is an invariant of the pair (W,Ω).
For our final effort of this section, we show that the assignment (W,Ω) 7→ SI(W,Ω) is functorial, in
the following sense:
Theorem 4.10. Suppose W : Y −→ Y ′ and W ′ : Y ′ −→ Y ′′ are two compact, connected, oriented
cobordisms of closed, connected, oriented 3-manifolds and fix homology classes Ω ∈ H2(W,∂W ;F2)
and Ω′ ∈ H2(W ′, ∂W ′;F2) such that Ω|Y ′ = Ω′|Y ′. Then
SI(W ∪W ′,Ω ∪ Ω′) = SI(W ′,Ω′) ◦ SI(W,Ω).
Proof. To prove the theorem, we must show that 1- and 2-handle maps commute with one another,
and that 2- and 3-handle maps commute with one another. Once again, the proof for the Ω = 0
case carries over directly, and we refer the reader to [Hor16, Theorem 8.18]. 
5. Exact Triangle for Surgery Triads
Now that we have extended symplectic instanton homology to take into account nontrivial SO(3)-
bundles, we can properly state and prove the exact triangle for Dehn surgery on a knot.
5.1. 3-Manifold Triads and the Statement. Suppose Y˜ is a compact, oriented 3-manifold with
torus boundary. Given three oriented simple closed curves γ, γ0, and γ1 in ∂Y˜ satisfying
#(γ ∩ γ0) = #(γ0 ∩ γ1) = #(γ1 ∩ γ) = −1,
we may form three closed, oriented 3-manifolds Y , Y0, and Y1 by Dehn filling Y˜ along γ, γ0, and
γ1, respectively. If a triple of closed, oriented 3-manifolds (Y, Y0, Y1) arises in this way from some
Y˜ , we call (Y, Y0, Y1) a surgery triad.
It is easy to see that (Y, Y0, Y1) is a surgery triad if and only if there is a framed knot K = (K,λ)
in Y such that Y0 = Yλ and Y1 = Yλ+µ, where µ is the meridian of K. Note that surgery triads are
cyclic, if that if (Y, Y0, Y1) is a surgery triad, then so are (Y0, Y1, Y ) and (Y1, Y, Y0). If we want to
emphasize this particular framed knot K, we will say that (Y, Y0, Y1) is a surgery triad relative to
(K,λ).
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If K = (K,λ) is a framed knot in a closed, oriented 3-manifold Y with meridian µ and p, q are
integers, we write
Yp/q(K) = Ypµ+qλ(K)
for the result of removing νK from Y and gluing back in a solid torus such that the curve pµ+ qλ
in ∂(νK) bounds a disk.
If K is a nullhomologous knot in a closed, oriented 3-manifold Y , there is a unique framing λSeifert
for K that is nullhomologous in Y \ νK which is called the Seifert framing of K. In this case,
we just write Yp/q(K) for Yp,q(K,λSeifert), where the lack of framing in the notation means we are
using the Seifert framing by default.
We can form several interesting families of surgery triads:
Example 5.1. Given a framed knot K in a closed, oriented 3-manifold Y and any integer n, both
(Y, Yn(K), Yn+1(K)) and (Y0(K), Y1/(n+1)(K), Y1/n(K)) are surgery triads.
Example 5.2. More generally, given a framed knot K in a closed, oriented 3-manifold Y and
relatively prime integers p1, q1, Be´zout’s identity allows us to find integers p2, q2 satisfying p1q2 −
p2q1 = 1. If we write p3 = p1 + p2 and q3 = q1 + q2, then (Yp1/q1(K), Yp2/q2(K), Yp3/q3(K)) is a
surgery triad.
Example 5.3. Let L be a link in S3 and fix a planar diagram D for L. Given a crossing in D,
we may resolve it in one of two ways (see Figure 4) to obtain links L0 and L1 differing from L
only at the chosen crossing in the prescribed manner. Then the branched double covers of these
three links, (Σ(L),Σ(L0),Σ(L1)) form a surgery triad. We will discuss surgery triads of this form
in more detail in Section 8.
LL0 L1
Figure 4. 0- and 1-resolutions of a crossing in a link.
In general, in Floer theories for 3-manifolds one expects an exact triangle relating the Floer ho-
mologies of any three 3-manifolds fitting into a surgery triad. For symplectic instanton homology,
we will prove the following:
Theorem 5.4. For any 3-manifold triad (Y, Y0, Y1) relative to a framed knot (K,λ) in Y and
SO(3)-bundle P −→ Y , there is an exact triangle of symplectic instanton homology groups:
SI(Y, ω + ωK) // SI(Y0, ω0)
xx
SI(Y1, ω1)
gg
Here ω, ω0, and ω1 are the mod 2 homology classes Poincare´ dual to the bundles induced by P on
Y , Yλ, and Yλ+µ:
ω = PD(w2(P )) ∈ H1(Y ;F2), ωλ = i0∗PD(i∗Y \νKw2(P )) ∈ H1(Y0;F2),
ω1 = i
1
∗PD(i
∗
Y \νKw2(P )) ∈ H1(Y1;F2).
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5.2. Seidel’s Exact Triangle and Quilted Floer Homology. Although the surgery exact
triangle will essentially be an application of Seidel’s exact triangle for symplectic Dehn twists
[Sei03, WW15, MW16] in the setting of quilted Floer homology for monotone Lagrangians, we
recall some relevant ideas in the proof, as they will be needed later when we establish the link
surgeries spectral sequence in Section 7.
In what follows, we fix:
• Two monotone symplectic manifolds M and M ′ with the same monotonicity constant.
• A monotone Lagrangian submanifold L0 : pt −→ M (which we think of as a Lagrangian
correspondence).
• A monotone Lagrangian correspondence L : M −→M ′.
• Two monotone Lagrangian submanifolds L1, V : M ′ −→ pt, where V is topologically a
sphere.
Our version of Seidel’s exact triangle will be constructed from a sequence of maps
CF(L0, L, V )⊗ CF(V T , L1) CΦ0−−−−→ CF(L0, L, L1) CΦ1−−−−→ CF(L0, L, τV L1).
On the chain level, the maps appearing in the exact sequence are defined as follows. The first map
CΦ0 : CF(L0, L, V )⊗ CF(V T , L1) −→ CF(L0, L, L1)
is the relative invariant counting quilted pseudoholomorphic triangles as pictured in Figure 5. The
second map
CΦ1 : CF(L0, L, L1) −→ CF(L0, L, τV L1)
is the relative invariant counting pseudoholomorphic sections of the quilted Lefschetz fibration in
Figure 6.
M
0
L1
V
L
M
V
T
L0
Figure 5. Quilts counted by
the map CΦ0.
M
0
L1
L
M
τV L1
τV
L0
Figure 6. Quilted Lefschetz
fibration defining CΦ1.
There is a distinguished Floer chain
c ∈ CF(L1, τV L1),
µ1(c) = 0
defined as follows. Let E −→ D be the standard Lefschetz fibration over the disk with regular
fiber M ′ and vanishing cycle V . By removing a point zc ∈ ∂D, we get a Lefschetz fibration with
strip-like end Ec −→ Dc. Denote the strip-like end by zc : R+× [0, 1] −→ Dc. We equip Ec −→ Dc
with the following moving Lagrangian boundary conditions: For s  0, identify the fibers over
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zc(s, 0) with L1. As we leave the strip-like end and travel along ∂Dc, we carry L1 along by parallel
transport. Once we reach the other side of the strip-like end, our parallel-transported Lagrangian
will be isotopic to τV L1; the boundary condition along zc(s, 1), s 0 realizes such an isotopy.
The next ingredient for the exact triangle is an explicit chain nullhomotopy of the triangle product
with c:
k : CF(V,L1) −→ CF(V, τV L1),
µ1(k(·)) + k(µ1(·)) + µ2(·, c) = 0.
M
0
L1
V
τV
τV L1
τV
L1 τV L1
V
M
0
Figure 7. The 1-parameter family of Lefschetz fibrations defining the chain null-
homotopy k.
The construction of k is pictured schematically in Figure 7. The meaning of the left and right
surfaces with strip-like ends should be evident; the dotted lines connecting boundary components
indicate gluings of components using sufficiently long gluing lengths, so that the associated relative
invariant of the glued fibrations corresponds to the composition of the individual relative invariants.
In particular, the left-hand surface represents µ2(·, c), and the right-hand surface represents a
triangle glued with a Floer chain which is equal to zero (see [WW15, Corollary 4.31], for example).
There is a clear 1-parameter family of Lefschetz fibrations Ek,r −→ Sk,r (0 ≤ r ≤ 1) over the strip,
equal to the left of Figure 7 for r = 0 and equal to the right of Figure 7 for r = 1, achieved by
moving the position of singular fiber. The nullhomotopy k is then defined by counting isolated
points of the parametrized moduli space of pseudoholomorphic sections of Ek,r −→ Sk,r.
Finally, we may use k to construct the map
h : CF(L0, L, V )⊗ CF(V T , L1) −→ CF(L0, L, τV L1),
h(x⊗ y) = µ˜2(x, k(y)) + µ˜3(x, y, c),
where µ˜2 (resp. µ˜3) is the quilted triangle (resp. quilted rectangle) map pictured in Figure 8
(resp. Figure 9). By a routine calculation, one may show that h defines a chain nullhomotopy of
CΦ1 ◦ CΦ0.
The maps CΦ0, CΦ1, and h turn out to fit into a general homological algebraic framework that
allow one to establish the existence of an exact triangle. We recall some terminology necessary for
the statement of the next result. An R-graded Λ-module is an Λ-module M with a direct sum
decomposition
M =
⊕
s∈R
Ms.
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M
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τV L1
V
L
M
V
T
L0
Figure 8. Quilted triangle
map µ˜2.
M
0
V
L
M
L1
L0
τV L1
Figure 9. Quilted rectangle
map µ˜3.
The support of M is the set of real numbers
supp(M) = {s ∈ R |Ms 6= 0}.
Given an interval I ⊂ R, we say that M has gap I if s, t ∈ supp(M) implies that |s − t| /∈ I.
Finally, a Λ-linear map f : M −→M ′ of R-graded R-modules has order I if
f(Ms) ⊂
⊕
t∈I
M ′s+t
for all s ∈ R.
Lemma 5.5. (Double Mapping Cone Lemma [Per08, Lemma 5.4] [WW15, Lemma 5.9]) Let ε > 0
and suppose that (E0, δ0), (E1, δ1), and (E2, δ2) are free, finitely generated chain complexes of R-
graded Λ-modules. Suppose we have chain maps f : E0 −→ E1 and g : E1 −→ E2 and a chain
nullhomotopy h : E0 −→ E2 of g ◦ f . Assume that this data satisfies the following conditions:
(1) δ0, δ1, and δ2 all have order [2ε,∞).
(2) We have decompositions f = f0 + f1, g = g0 + g1, and h = h0 + h1 such that f0 has order
[0, ε), g0 and h0 have order 0, and f1, g1, and h1 all have order [2ε,∞).
(3) 0 −→ E0 f0−−→ E1 g0−−→ E2 −→ 0 is a short exact sequence of abelian groups.
Then (h, g) : Cone(f) −→ E2 is a quasi-isomorphism.
To relate this to our intended application, we need to explain how to give the Floer chain complexes
R-gradings. Given a ring R (which will be Z or Z/2 for us), let ΛR denote the ring
ΛR =
{
n∑
k=1
rkq
sk | rk ∈ R, sk ∈ R
}
,
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where q is a formal variable and the ring multiplication is defined on monomials by
(rqs)(r′qs
′
) = (rr′)qs+s
′
.
ΛR admits the obvious R-grading
ΛR =
⊕
s∈R
{rqs | r ∈ R}.
Given two simply connected, transversely intersecting monotone Lagrangian submanifolds L0, L1
of a monotone symplectic manifold M , we define the Lagrangian Floer chain complex with
ΛR coefficients to have the obvious chain groups
CF(L0, L1; ΛR) =
⊕
x∈L0∩L1
ΛR〈x〉
but the modified differential defined on generators by
∂ΛRx =
∑
y∈L0,L1
u∈M(x,y)0
o(u)qE(u)y,
where o(u) is the local orientation of M(x, y)0 at u (±1 if using R = Z, 1 if using R = Z/2), and
E(u) is the energy of the pseudoholomorphic strip u. There is an obvious extension of the Floer
chain complex with ΛR coefficients to the setting of quilted Floer homology, where the energy of a
pseudoholomorphic quilt is simply the sum of the energies of each of its components.
The maps CΦ0, CΦ1, k, and h all have obvious extensions to ΛR coefficients by incorporating
the energy of the quilted pseudoholomorphic maps/sections they count into their definitions. One
may show that these modified maps satisfy the hypotheses of Lemma 5.5, and it follows that
(h,CΦ1) : Cone(CΦ0) −→ CF(L0, L, τV L1; ΛR) is a quasi-isomorphism. Since mapping cones
naturally fit into exact triangles, we obtain the desired exact triangle in Floer homology with ΛR
coefficients.
To obtain the desired result for R = Z or R = Z/2 coefficients, we note that the natural map
HF(L0, L1; ΛR)/(q − 1) −→ HF(L0, L1)
is an isomorphism (cf. [WW15, Remark 4.3]). Therefore we conclude the following:
Proposition 5.6. Suppose L0 is a monotone Lagrangian submanifold of the monotone symplectic
manifold M , L1 and V are monotone Lagrangian submanifolds of the monotone symplectic manifold
M ′ with V a sphere, and that L is a monotone generalized Lagrangian correspondence L : M −→
M ′. Then there is an exact triangle of quilted Floer homology groups
HF(L0, L, V )⊗HF(V T , L1) Φ0 // HF(L0, L, L1)
Φ1vv
HF(L0, L, τV L1)
jj
5.3. The Surgery Exact Triangle. We now use Seidel’s exact triangle, in the form of Proposition
5.6, to establish the surgery exact triangle in symplectic instanton homology.
Let Y be a closed, oriented 3-manifold. Given a framed knot K = (K,λ) in Y , we may choose a
Heegaard triple (Σg+1,α,β,γ, z) subordinate to a bouquet for K (cf. [Hor16, Section 8.3]). We
may also choose a Heegaard triple (Σg+1,α,β, δ, z) subordinate to (K,λ + µ). The quadruple
diagram H = (Σg+1,α,β,γ, δ, z) satisfies the following conditions:
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• βg+1 is a meridian for K.
• γg+1 represents the framing λ of K and δg+1 represents the framing λ+ µ of K.
• (Σg+1, {α1, . . . , αg+1}, {β1, . . . , βg}, z) represents the complement of K in Y .
• γk = βk and δk = βk for k 6= g + 1.
• Hαβ represents Y , Hαγ represents Yλ, and Hαδ represents Yλ+µ.
In particular, Hαβ, Hαγ , and Hαδ induce length 2g + 2 Cerf decompositions of Y
θ where we first
attach (g + 1) 1-handles with attaching cycles in Σg+1 given by α, and then we attach (g + 1)
2-handles with attaching cycles in Σg+1 given by β, γ, or δ (depending on which diagram we are
considering). The conditions on β, γ, and δ imply that these three Cerf decompositions differ only
in the final 2-handle attachment.
The final 2-handle attachments may be represented by Lagrangian submanifolds Lβg+1 , Lγg+1 , and
Lδg+1 of M1,3. Now note that we in fact have δg+1 = τβg+1γg+1, so that if
V = {[ρ] ∈M1,3 | ρ(βg+1) = −I},
then on the level of Lagrangians
Lδg+1 = τV Lγg+1 .
Writing L for the Lagrangian correspondence coming from the first g β- (equivalently, γ- or δ-)
handle attachments, Seidel’s exact triangle reads
HF(Lα, L, V )⊗HF(V T , Lγg+1)
Φ0 // HF(Lα, L, τV Lγg+1)
Φ1uu
HF(Lα, L, Lγg+1)
jj
Two of these Floer homology groups may be immediately identified:
HF(Lα, L, Lγg+1) = SI(Yλ), HF(Lα, L, τV Lγg+1) = SI(Yλ+µ).
The remaining Floer homology group is identified thusly:
HF(Lα, L, V )⊗HF(V T , Lγg+1) = SI(Y, ωK)⊗ Z = SI(Y, ωK),
where HF(Lα, L, V ) = SI(Y, ωK) since βg+1 is a meridian of K and V precisely represents pairs of
flat connections in M−1,3 ×M0,3 which simultaneously extend to flat connections on the nontriv-
ial SO(3) bundle over the bordism Σ1,3 −→ Σ0,3 whose second Stiefel-Whitney class is Poincare´
dual to K, and HF(V T , Lγg+1)
∼= Z because the only intersection point of the two Lagrangians is
[−I,±I, i, j,−k] ∈M1,3 (where the ± is determined by the framing λ).
It follows that we have a surgery exact triangle
SI(Y, ωK) // SI(Yλ)
yy
SI(Yλ+µ)
ff
In fact, given a nontrivial SO(3)-bundle P −→ Y , we get three induced homology classes Poincare´
dual to the induced bundles on Y , Yλ, and Yλ+µ:
ω = PD(w2(P )) ∈ H1(Y ;F2), ωλ = iλ∗PD(i∗Y \νKw2(P )) ∈ H1(Yλ;F2),
ωλ+µ = i
λ+µ
∗ PD(i
∗
Y \νKw2(P )) ∈ H1(Yλ+µ;F2).
These may all be represented by embedded curves disjoint from νK (indeed, they can be repre-
sented by curves lying entirely in the α-handlebody), so in the above setup we may incorporate
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nontrivial bundles into the generalized Lagrangian correspondence L without any modification to
the argument. Hence we have more generally an exact triangle
SI(Y, ω + ωK) // SI(Yλ, ωλ)
vv
SI(Yλ+µ, ωλ+µ)
hh
Remark 5.7. Recall that symplectic instanton homology SI(Y, ω) = HF(Lωα, Lβ) admits a Z/2-
grading as follows. Assume (perhaps after perturbation) that Lωα and Lβ intersect transversely, and
fix orientations of Lωα, Lβ, and Mg,3, so that for any x ∈ Lωα ∩ Lβ, the local intersection number
(Lωα · Lβ)x ∈ {±1} is well-defined. Considered as a generator of CF(Lωα, Lβ), the Z/2-grading of
x is 0 if (Lωα · Lβ)x = +1 and 1 otherwise. The maps in Seidel’s exact triangle have well-defined
gradings; in our context the gradings are as indicated below:
SI(Y, ω + ωK)
[0] // SI(Yλ, ωλ)
[0]vv
SI(Yλ+µ, ωλ+µ)
[1]
hh
5.4. From Pseudoholomorphic Sections to Pseudoholomorphic Polygons. It remains to
identify the maps in the triangle with the homomorphisms induced by the relevant 2-handle attach-
ments. Since one of the maps involves counting pseudoholomorphic sections of a Lefschetz fibration,
we will need to show that this is equal to the count of pseudoholomorphic triangles defining our
cobordism maps. Furthermore, it will also be useful for us later to interpret the chain homotopy h
appearing in the proof of the exact triangle as a count of certain pseudoholomorphic rectangles.
We will continue considering the setup from the previous subsection that was induced by the
Heegaard quadruple H = (Σg+1,α,β,γ, δ, z), although some of the results here apply in greater
generality.
L
T
γg+1
Lδg+1
τβg+1
L
T
γ
Lδ
τβ
L
T
L
E E
0
Figure 10. Two quilted Lefschetz-Bott fibrations.
All results in this subsection rely on the following technical lemma:
Lemma 5.8. Let E and E′ be the two quilted Lefschetz-Bott fibrations pictured in Figure 10.
Then the relative invariant ΦE is identified with the relative invariant ΦE′ under the isomorphism
HF(LTγg+1 , L
T , L, Lδg+1)
∼= HF(LTγg+1 ◦ LT , L ◦ Lδg+1) = HF(LTγ , Lδ). In other words, the following
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diagram commutes:
HF(LTγg+1 , L
T , L, Lδg+1)
geometric
composition

HF(pt)
ΦE
66
ΦE′ ((
HF(LTγ , Lδ)
Proof. First, we determine ΦE′(pt). Equip E
′ with a horizontal almost complex structure. Of all
possible horizontal sections of E′, only the one corresponding to Θγδ has index zero. By monotonic-
ity, any non-horizontal section of E′ will have strictly positive index and hence does not contribute
to ΦE′(pt). Therefore
ΦE′(pt) = Θγδ.(5.1)
L
T
γg+1
Lδg+1
τβg+1
L
T
τβg+1
L
T
γg+1
Lδg+1
L L
L
T
E E
1
E
2
Figure 11. Breaking the quilted Lefschetz fibration S into simpler pieces.
To determine ΦE(pt), we consider E as a gluing of two quilted Lefschetz fibrations E1 and E2
as indicated in Figure 11. For sufficiently long gluing lengths, CΦE(pt) = (CΦE2 ◦ CΦE1)(pt)
on the chain level, so this decomposition allows us to count pseudoholomorphic sections on each
piece of the gluing separately. By reasoning analogous to the computation of ΦE′(pt), we have that
ΦE1(pt) = θ ∈ HF(LTγg+1 , Lδg+1). On the other hand, by the discussion in Section 3.7, ΦE2(θ) =
θ ×Θγδ ∈ HF(LTγg+1 , LT , L, Lδg+1). Therefore
ΦE(pt) = θ ×Θγδ.(5.2)
To complete the proof, simply note that under geometric composition, θ×Θγδ maps to Θγδ. Hence
the desired triangle commutes. 
With the above lemma in place, we can begin interpreting the chain maps CΦ0 and CΦ1 in the
surgery exact triangle as counts of pseudoholomorphic triangles with certain specified vertices, and
we can also show that the chain homotopy h can be considered as a count of pseudoholomorphic
rectangles with certain specified vertices. Let us start with CΦ1. A basic manipulation of quilted
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M1;3
Lγg+1
L
Mg+1;3
Lδg+1
τβg+1
M1;3
Lγg+1
L
Lδg+1
τβ0
Lα
Mg+1;3
Lα
Mg+1;3
Lγ
Lδ
τβ
Lα
∼=
geometric
composition
τβg+1
Figure 12. Identifying CΦ1 with a classical triangle map.
surfaces (see Figure 12) shows that there is a commutative diagram
CF(Lα, L, Lγg+1)
∼=

CΦ1 // CF(Lα, L, Lδg+1)
∼=

CF(Lα, Lγ)
µ2(·,c′)
// CF(Lα, Lδ)
where the vertical maps are induced by the geometric compositions L ◦Lγg+1 = Lγ and L ◦Lδg+1 =
Lδ. Now c
′ ∈ CF(Lγ , Lδ) is the unit for the algebra CF(Lγ , Lδ) ∼= H3−∗(pt;Z)⊗H3−∗(S3;Z)⊗g, and
is hence identified with Θγδ. Furthermore, µ2(·,Θγδ) is precisely the map induced by the standard
2-handle cobordism from Yλ(K) to Yλ+µ(K). We conclude the following:
Proposition 5.9. The map CΦ1 in the surgery exact triangle may be identified with the cobordism
map FWλ+µ : CF(Lα, Lγ) −→ CF(Lα, Lδ), where Wλ+µ is the standard 2-handle cobordism between
Yλ(K) and Yλ+µ(K). In other words, there is a commutative diagram
CF(Lα, L, Lγg+1)
∼=

CΦ1 // CF(Lα, L, Lδg+1)
∼=

CF(Lα, Lγ)
FWλ+µ
// CF(Lα, Lδ)
where the vertical maps are induced by geometric composition.
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M1;3
V
L
Mg+1;3
Lγg+1
M1;3
V
L
Lα
Mg+1;3
Lγg+1
Mg+1;3
L
!K
β
Lγ
∼=
geometric
composition
Lα
Lα
[ρ0]
ρ0 7! ρ0 ×Θρ0
Θρ0
Figure 13. Identifying CΦ0 with a classical triangle map.
Now CΦ0 is already obviously a (quilted) triangle map, but a priori it is not of the same form
as one of the classical triangle maps associated to a 2-handle cobordism and it also seems to
lack a fixed vertex. Note that the upper left corner of the triangle in Figure 5 must be mapped
to an intersection point of Lγg+1 and V
T in M1,3. But these Lagrangians intersect only at the
representation [ρ0] = [−I,±I, i, j,−k] (where the ± depends on the framing λ of the knot K ⊂ Y ).
Therefore the given vertex is forced to be fixed.
We still wish to perform some quilt manipulations similar to those done for CΦ1 to pass from a
quilted triangle to just a triangle mapping to Mg+1,3. The required manipulations are pictured in
Figure 13. The first indicated move sufficiently stretches the quilt so that we may consider it as a
composition of the two pictured quilt maps in the upper right corner of the figure. The first quilt
in the composition is the map ρ0 7→ ρ0×Θρ0 discussed at the end of Section 3.7. The input for the
upper left corner of the second quilt in the composition is forced to be ρ0×Θρ0 since V T ∩Lγg+1 =
{[ρ0]}. Finally, under the geometric composition CF(V T , LT , L, Lγg+1) ∼= CF(LωKβ , Lγ), ρ0×Θρ0 is
mapped to Θρ0 . Therefore we can conclude the following:
Proposition 5.10. The map CΦ0 in the surgery exact triangle may be identified with the cobordism
map FWλ : CF(Lα, L
ωK
β ) −→ CF(Lα, Lγ), where Wλ is the standard 2-handle cobordism between Y
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and Yλ(K). In other words, there is a commutative diagram
CF(Lα, L, V )⊗ CF(V T , Lγg+1)
∼=

CΦ0 // CF(Lα, L, Lγg+1)
∼=

CF(Lα, L
ωK
β ) FWλ
// CF(Lα, Lγ)
where the vertical maps are induced by geometric composition.
Recall that the map h : CF(Lα, L, V )⊗ CF(V T , Lγg+1) −→ CF(Lα, L, Lδg+1) is defined by
h(x, y) = µ˜2(x, k(y)) + µ˜3(x, y, c),
where c ∈ CF(Lγg+1 , Lδg+1) is the Floer chain defined by the standard Lefschetz fibration over the
disk with monodromy τβg+1 (see Section 5.2), and k : CF(V
T , Lγg+1) −→ CF(Lβg+1 , Lδg+1) is the
chain nullhomotopy of µ2(·, c) described in Figure 7 above.
The first thing to notice is that the first term, µ˜2(x, k(y)) is identically zero in this context. This
is because k is a map of degree 1, but the Z/2-graded complexes CF(V T , Lγg+1) ∼= Z〈ρ0〉 and
CF(Lγg+1 , Lδg+1)
∼= Z〈c〉 are both supported only in degree 1 mod 2. Hence we simply have
h(x, y) = µ˜3(x, y, c).
The fact that CF(V T , Lγg+1)
∼= Z〈ρ0〉 also forces h to depend only on x ∈ CF(Lα, LωKβ ), so that
h(x) = µ˜3(x, ρ0, c).
At this point, showing that h corresponds to a classical rectangle map follows by a combination of
the proofs that CΦ0 and CΦ1 correspond to classical triangle maps, as suggested in Figure 14.
Proposition 5.11. The map h used in the proof of the surgery exact triangle may be identified
with the rectangle map µ3(·,Θβγ ,Θγδ) : CF(Lα, LωKβ ) −→ CF(Lα, Lδ). In other words, there is a
commutative diagram
CF(Lα, L, V )
∼=

h // CF(Lα, L, Lδg+1)
∼=

CF(Lα, L
ωK
β ) µ3(·,Θβγ ,Θγδ)
// CF(Lα, Lδ)
where the vertical maps are induced by geometric composition.
It remains to identify the connecting map SI(Yλ+µ(K)) −→ SI(Y, ωK) in the surgery exact triangle
as being induced by a triangle map. Since the construction of this map was indirect (by homological
algebra methods), instead of trying explicitly determine this map, we will show that it can be
replaced by a triangle map while still preserving exactness of the surgery triangle. Nevertheless, we
still conjecture that the map (before replacement) can be shown to be a triangle map.
The argument relies on basic Kirby calculus and the cyclic symmetry of surgery triads. Figure 15
depicts the framed knots that induce the standard 2-handle cobordisms between manifolds in the
surgery triad (Y, Yλ(K), Yλ+µ(K)), i.e. attaching a 2-handle to Y along K with framing λ gives
Yλ(K), attaching a 2-handle to Yλ(K) along N with framing −1 gives Yλ+µ(K), and attaching a
2-handle to Yλ+µ along C with framing −1 gives Y . Here we think of N as the boundary of a
normal disk to K (using λ to think of the normal bundle to K as K ×D2), given a framing of −1
relative to the normal disk. C is a small meridian of N which is also given a framing of −1 with
respect to the normal disk bounded by N .
SYMPLECTIC INSTANTON HOMOLOGY, SPECTRAL SEQUENCES, AND KHOVANOV HOMOLOGY 31
M1;3
V
L
Mg+1;3
Lγg+1
τβg+1
M1;3
V
L
Lα
Mg+1;3
Lγg+1
Lα
∼=
geometric
composition
Lδg+1
Lδg+1
Mg+1;3
L
!K
β
Lα
Lγ
τβ
Lδ
Mg+1;3
ρ0 7! ρ0 ×Θρ0
[ρ0]
Θρ0
τβg+1
Figure 14. Identifying h with a classical rectangle map.
Since (Y, Yλ(K), Yλ+µ(K)) is a surgery triad, so are (Yλ(K), Yλ+µ(K), Y ) and (Yλ+µ(K), Y, Yλ(K)).
Hence we have two exact sequences
SI(Yλ(K), ωN ∪ ωN ∪ ωK) SI(Wλ,Ω1)−−−−−−−−→ SI(Yλ+µ(K), ωN ∪ ωK)
SI(Wλ+µ,Ω2)−−−−−−−−−→ SI(Y, ωN ∪ ωK),
SI(Yλ+µ(K), ωC ∪ ωC ∪ ωK)
SI(Wλ+µ,Ω3)−−−−−−−−−→ SI(Y, ωC ∪ ωK) SI(W,Ω4)−−−−−−−→ SI(Yµ(K), ωC ∪ ωK),
where we use the nontrivial bundle ωN ∪ωK (resp. ωC ∪ωK) throughout in the first (resp. second)
exact sequence. Note that ωN ∪ ωN ∪ ωK = ωC = 0 ∈ H1(Yλ(K);F2), ωN ∪ ωK = ωC ∪ ωC ∪ ωK =
0 ∈ H1(Yλ+µ(K);F2), and ωN = ωC = 0 ∈ H1(Y ;F2), so that the two exact sequences above can
be simplified to
SI(Yλ(K))
SI(Wλ)−−−−−→ SI(Yλ+µ(K))
SI(Wλ+µ,Ω
′
K)−−−−−−−−−−→ SI(Y, ωK)(5.3)
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Figure 15. Framed knots inducing cobordisms in a surgery triad.
SI(Yλ+µ(K))
SI(Wλ+µ,Ω
′
K)−−−−−−−−−−→ SI(Y, ωK) SI(W,ΩK)−−−−−−−→ SI(Yµ(K))(5.4)
Exactness of sequences (5.3) and (5.4) imply that
ker(SI(Wλ+µ,Ω
′
K)) = im(SI(Wλ)),
im(SI(Wλ+µ,Ω
′
K)) = ker(SI(W,ΩK)),
and therefore the triangle
SI(Y, ωK)
SI(W,ΩK) // SI(Yµ(K))
SI(Wλ)ww
SI(Yλ+µ(K))
SI(Wλ+µ,Ω
′
K)
gg
is exact.
6. Instanton L-Spaces
6.1. Computation of χ(SI(Y, ω)). Recall that Proposition 3.12 claims the Euler characteristic of
symplectic instanton homology is given by
χ(SI(Y, ω)) =
{
|H1(Y ;Z)|, if b1(Y ) = 0,
0, otherwise,
Now that we have established the surgery exact triangle, we will use it to prove this statement.
Proof of Proposition 3.12. Scaduto’s computation of the Euler characteristic of framed instanton
homology in [Sca15, Corollary 1.4] essentially applies word-for-word here; we reproduce his argu-
ment. The proof proceeds by considering cases of increasing generality.
Case 1. First, suppose that Y is an integral homology 3-sphere. Then H1(Y ;F2) = 0, so that we
necessarily have ω = 0 and χ(SI(Y )) = 1 by [Hor16, Theorem 7.1].
Case 2. Next, suppose that Y is a rational homology 3-sphere obtained by integral surgery on
an algebraically split link L = L1 ∪ · · · ∪ Lm. Hence Y = S3(p1,...,pm)(L) for some integers pk ∈ Z,
k = 1, . . . ,m and furthermore |H1(Y ;Z)| = |p1 · · · pm| since L is algebraically split. Suppose the
Euler characteristic formula holds for rational homology spheres M which are obtained by integral
surgery on an algebraically split link and satisfy |H1(M ;Z)| < |p1 · · · pm|. As Case 1 establishes the
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base case for this induction, we may assume Y is not an integral homology 3-sphere and therefore
without loss of generality p1 > 1. Note that
(S3(p1−1,p2,...,pm)(L), S
3
(p1,p2,...,pm)
(L), S3(∞,p2,...,pm)(L))
is a surgery triad (cf. Example 5.1), and therefore we get a surgery exact triangle
SI(S3(p1−1,p2,...,pm)(L), ω ∪ ωL)
[0] // SI(S3(p1,p2,...,pm)(L), ω)
[0]tt
SI(S3(∞,p2,...,pm)(L), ω)
[1]
jj
where [·] denotes the mod 2 degree of each map and ω ∈ H1(Y ;F2) is an arbitrary homology class
in Y , which induces homology classes in the other two spaces. By exactness and the degree of the
maps, we have that
χ(SI(Y, ω)) = χ(SI(S3(p1−1,p2,...,pm)(L), ω ∪ ωL)) + χ(SI(S3(∞,p2,...,pm)(L), ω))
= |(p1 − 1)p2 · · · pm|+ |p2 · · · pm|
= |p1 · · · pm|,
where in the second line we used the inductive hypothesis. Case 2 therefore is true by induction.
Case 3. Now suppose Y is any rational homology 3-sphere. By [Oht96, Corollary 2.5], there exists
an algebraically split link L ⊂ S3 such that there is an integral framing (p1, . . . , pm) with
S3(p1,...,pm)(L)
∼= Y#L(n1, 1)# · · ·#L(nk, 1)
for some positive integers n1, . . . , nk. Note that both S
3
(p1,...,pm)
(L) and L(n1, 1)# · · ·#L(nk, 1) fall
under Case 2, so that the Ku¨nneth principle for connected sums implies that
χ(SI(Y, ω)) =
χ(SI(S3(p1,...,pm)(L), ω ∪ ω1 ∪ · · · ∪ ωk))
χ(SI(L(n1, 1)# · · ·#L(nk, 1), ω1 ∪ · · · ∪ ωk))
=
|H1(S3(p1,...,pm)(L);Z)|
|H1(L(n1, 1)# · · ·#L(nk, 1);Z)|
= |H1(Y ;Z)|.
Therefore the Euler characteristic formula holds for all rational homology 3-spheres.
Case b1(Y ) > 0. Now suppose the 3-manifold Y is such that b1(Y ) > 0. Then we wish to show
that χ(SI(Y, ω)) = 0 for all ω ∈ H1(Y ;F2). Note that in this case, there is a 3-manifold M with
b1(M) = b1(Y )− 1 and a framed knot (K,λ) in M such that Y ∼= Mλ(K). Since (Mλ+µ(K),M, Y )
is a surgery triad, for any ω ∈ H1(Y ;F2) we have a surgery exact triangle
SI(Mλ+µ(K), ω + ωK)
[0] // SI(M,ω)
[0]yy
SI(Y, ω)
[1]
hh
where again [·] indicates the mod 2 degree of the map. Then it follows that
χ(SI(Y, ω)) = χ(SI(Mλ+µ(K), ω + ωK))− χ(SI(M,ω)).
Applying induction and using this equation will allow us to make our conclusion. For the base
case, if b1(Y ) = 1, then M and Mλ+µ(K) are rational homology spheres with |H1(M ;Z)| =
|H1(Mλ+µ(K);Z)|, and therefore Case 3 implies that χ(SI(Y, ω)) = 0. Now suppose that the
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desired statement is true for all 3-manifolds with first Betti number less than n. Then if b1(Y ) = n,
the inductive hypothesis implies that χ(SI(Mλ+µ(K), ω + ωK)) = χ(SI(M,ω)) = 0 and the result
follows. 
6.2. Instanton L-Spaces: Definition and Examples. Proposition 3.12 suggests that for a
rational homology sphere Y , SI(Y, ω) is as “simple” as possible (i.e. minimal rank) if it is free
abelian of rank |H1(Y ;Z)|. Note that by Proposition 3.14, lens spaces L(p, q) satisfy this property
for any ω ∈ H1(L(p, q);F2), since SI(L(p, q), ω) ∼= Zp. In analogy with Heegaard Floer theory, we
make the following definition.
Definition 6.1. An instanton L-space is a rational homology 3-sphere Y such that SI(Y, ω) is
free abelian of rank |H1(Y ;Z)| for all ω ∈ H1(Y ;F2).
The reason we require the property to hold for all ω ∈ H1(Y ;F2) is because families of instanton
L-spaces should be generated from certain surgery triads via the exact triangle, and in general
there is an unavoidable twisting along the core of the surgery appearing in one of the terms of the
exact triangle.
There is a useful “two out of three” principle for surgery triads containing instanton L-spaces.
Proposition 6.2. Suppose (Y, Y0, Y1) is a surgery triad such that
|H1(Y ;Z)| = |H1(Y0;Z)|+ |H1(Y1;Z)|
(this condition may always be achieved by cyclically permuting the elements of the triad, which gives
another triad). If Y0 and Y1 are instanton L-spaces, then so is Y .
Proof. Fix some class ω ∈ H1(Y ;F2) and let ω0, ω1 denote the corresponding classes in Y0 and Y1.
We first claim that the map SI(Y0, ω0) −→ SI(Y1, ω1) in the exact triangle for (Y, Y0, Y1) must be
the zero map. To see this, assume for the sake of contradiction that the map is nonzero. Then
exactness and the rank-nullity theorem imply the strict inequality
rk SI(Y, ω + ωK) < rk SI(Y0, ω0) + rk SI(Y1, ω1) = χ(SI(Y, ω + ωK)),
which is not possible. Therefore in the situation of the Proposition, we in fact have a short exact
sequence
0 −→ SI(Y1, ω1) −→ SI(Y, ω + ωK) −→ SI(Y0, ω0) −→ 0,
from which it follows that SI(Y, ω+ωK) is free abelian of rank |H1(Y0;Z)|+|H1(Y1;Z)| = |H1(Y ;Z)|.
By varying ω ∈ H1(Y ;F2), we conclude that Y is an instanton L-space. 
Using Proposition 6.2, we can generate many families of examples:
Example 6.3. (Large Surgeries) Suppose K is a knot in S3 and n > 0 is some integer such that
S3n(K) is an instanton L-space. Then for any integer m > n, S
3
m(K) is also an instanton L-space,
as can be seen by repeatedly applying the surgery exact triangles for surgery triads of the form
(S3, S3m−1(K), S3m(K)).
A concrete example of this is given by taking K to be the torus knot Tp,q and n = pq − 1. Then
S3pq−1(Tp,q) ∼= L(p, q), and hence S3s (Tp,q) is an instanton L-space for all m ≥ pq − 1.
Another interesting example is given by the pretzel knot P (−2, 3, 7). Fintushel and Stern noted
that +18-surgery on this knot gives the lens space L(18, 5). It is also known that S319(P (−2, 3, 7)) ∼=
L(19, 7) and S3n(P (−2, 3, 7)) is hyperbolic for all n > 19. In any case, we see that S3n(P (−2, 3, 7))
is an instanton L-space for all n ≥ 18, and this gives an infinite family of hyperbolic examples.
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Example 6.4. (Plumbing Graphs) By a weighted graph we mean a pair (G,m) where G is a
graph (possibly with multiple connected components) and m (which stands for “multiplicity”) is an
integer-valued function on the vertices of G. We can form a 4-manifold with boundary, W (G,m),
by associating to each vertex v of G the disk bundle over S2 with Euler number m(v) and plumbing
together bundles whose vertices are connected by an edge. Let Y (G,m) denote the boundary of
W (G,m). For a vertex v, let d(v) (the degree of v) denote the number of edges of G containing v.
We claim that if (G,m) satisfies
(1) G is a disjoint union of trees;
(2) d(v) ≤ m(v) with the inequality being strict for at least one vertex v;
then Y (G,m) is an instanton L-space. To see this, we use induction on the number of vertices and
subinduction on the multiplicity of the new vertex added in the inductive step. First, if G = {v}
with m(v) ≥ 1 then the hypotheses of our claim are satisfied, and Y (G,m) is the lens space
L(m(v), 1), hence an instanton L-space. Now suppose the claim holds for all disjoint unions of
trees with at most n vertices, and suppose (G,m) is a disjoint union of trees with n + 1 vertices.
Choose a leaf v∗ of G, i.e. a vertex with d(v∗) = 1; we now subinduct on m(v∗). If m(v∗) = 1,
then Y (G,m) = Y (G′,m′) where G′ = G \ {v∗} and m′ agrees with m except on the vertex v′ that
is connected to v∗ in G; we set m′(v′) = m(v′) − 1. (G′,m′) satisfies our hypotheses and has n
vertices, so by the inductive hypothesis Y (G,m) = Y (G′,m′) is an instanton L-space.
Now, for the subinductive hypothesis, suppose the claim holds for all (G,m) with up to n+1 vertices
where all leaves of G have multiplicity at most k. For the subinductive step, let (G,m) be a weighted
graph with n+1 vertices, and suppose v∗ is a leaf of G with m(v∗) = k+1 and all other leaves have
multiplicity at most k. We can form two weighted graphs from (G,m): (G1,m1), with G1 = G\{v∗}
and m1(v) agreeing with m(v) for v 6= v∗; and (G2,m2), with G2 = G and m2(v∗) = k, but with
m2 otherwise agreeing with m. It is clear that (Y (G,m), Y (G1,m1), Y (G2,m2)) is a surgery triad
and that
|H1(Y (G,m);Z)| = |H1(Y (G1,m1);Z)|+ |H1(Y (G2,m2);Z)|.
Since Y (G1,m1) and Y (G2,m2) are instanton L-spaces by the subinductive hypothesis, Proposition
6.2 implies that Y (G,m) is as well.
Example 6.5. (Branched Double Covers of Quasi-Alternating Links) The set of quasi-alternating
links Q is the smallest set of links satisfying the following properties:
(1) The unknot is in Q.
(2) If L is any link admitting some diagram with a crossing such that the associated 0- and
1-resolutions L0 and L1 (see Figure 4) satisfy
– L0 and L1 are in Q,
– det(L0), det(L1) 6= 0,
– det(L) = det(L0) + det(L1),
then L is also in Q. Quasi-alternating links were introduced and studied by Ozsva´th and Szabo´ in
the context of Heegaard Floer theory [OS05]. They showed that all alternating knots are quasi-
alternating, but gave an example of a quasi-alternating knot that is not alternating.
To see that branched double covers of quasi-alternating links are instanton L-spaces, we proceed
by induction on the crossing number of the link. The base case certainly holds, as Σ(U) = S3 is an
instanton L-space. Now suppose all branched double covers of quasi-alternating links with crossing
number at most n are instanton L-spaces, and suppose L is a quasi-alternating link with crossing
number n+ 1. Choose a diagram for L with a distinguished crossing as in item (2) above, so that
in particular the 0- and 1-resolutions are quasi-alternating and satisfy det(L) = det(L0) + det(L1).
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Since L0 and L1 are quasi-alternating with crossing number at most n, the inductive hypothesis
implies that Σ(L0) and Σ(L1) are instanton L-spaces. Then Proposition 6.2 implies that Σ(L) is
also an instanton L-space. Therefore the branched double cover of any quasi-alternating link is an
instanton L-space.
Example 6.6. (Connected Sums) If Y and Y ′ are instanton L-spaces, then so is their con-
nected sum Y#Y ′. This is because |H1(Y#Y ′;Z)| = |H1(Y ;Z)| · |H1(Y ′;Z)| and by the Ku¨nneth
principle for symplectic instanton homology of connected sums, SI(Y#Y ′) ∼= SI(Y ) ⊗ SI(Y ′) ∼=
Z|H1(Y ;Z)|·|H1(Y ′;Z)|.
7. A Spectral Sequence for Link Surgeries
We now show how to generalize the exact triangle for Dehn surgery on a knot to a spectral se-
quence for Dehn surgeries on a link. Our approach is heavily inspired by proofs of similar spectral
sequences for Heegaard Floer homology [OS05], singular instanton homology [KM11a], monopole
Floer homology [Blo11], and framed instanton homology [Sca15].
7.1. The Link Surgeries Complex. Let Y be a closed, oriented 3-manifold and L = (L1 ∪ · · · ∪
Lm, λ) be an oriented link with an enumeration of its components. An element v = (v1, . . . , vm) ∈
{0, 1,∞}m will be called a multi-framing of L. Yv will denote the 3-manifold obtained from Y
by performing vk-surgery on Lk for eack k = 1, . . . ,m (with respect to the framing λ).
Recall that for each multi-framing v of L, we can construct a genus g + m Heegaard triple Hv =
(Σg+m,α,β,η(v), z) satisfying the following conditions:
• Attaching handles to {α1, . . . , αg+m} and {β1, . . . , βg} gives the complement of L in Y .
• βg+k is a meridian for Lk.
• η(v)g+k represents the vk-framing of Lk with respect to the given framing λ.
• η(v)k = βk for all k = 1, . . . , g.
• (Σg+m,α,η(v), z) is a Heegaard diagram for Yv.
The same choice of curves α and β can be made for all v ∈ {0, 1,∞}m, so that the various triple
diagrams Hv differ only in the framing curves η(v). For any two multi-framings v, w, the Heegaard
diagram {Σg+m,η(v),η(w), z} represents a connected sum of copies of S2×S1 (the number nvw of
which depends on how many components v and w differ in), so that we have as usual a distinguished
element of maximal degree Θvw ∈ HF(Lη(v), Lη(w)) ∼= H3−∗(S3)⊗nvw which acts as a unit for the
triangle product.
For notational convenience, we will conflate the indices ∞ and −1 and henceforth consider multi-
framings as elements of {−1, 0, 1}m, with the understanding that to obtain Yv, we perform ∞-
surgery on Lk if vk = −1. With this change in notation, it now makes sense to define the weight
of v by the formula
|v| =
m∑
k=1
|vk|.
In other words, |v| is the number of entries of v not equal to 0. Note that {−1, 0, 1}m is a lattice
with the natural ordering given by
v ≤ w ⇐⇒ vk ≤ wk for all k = 1, . . . ,m.
When |w − v| = 1 and v ≤ w, we say that w is an immediate successor of v.
SYMPLECTIC INSTANTON HOMOLOGY, SPECTRAL SEQUENCES, AND KHOVANOV HOMOLOGY 37
If w is an immediate successor of v, then v and w differ in just one of the components’ framings, and
Yw is obtained from Yv by attaching a single 2-handle. In this case, write ∂vw : CSI(Yv) −→ CSI(Yw)
for the map induced by this 2-handle attachment. More generally, when |w−v| = k+ 1 and v ≤ w,
given a sequence v < u1 < · · · < uk < w of immediate successors, define
∂v<u1<···<uk<w(ξ) = µ
αη(v)η(u1)···η(uk)η(w)
k+2 (ξ ⊗Θη(v)η(u1) ⊗ · · · ⊗Θη(uk)η(w)),
a count of pseudoholomorphic (k + 3)-gons. To compactify the notation, write
∂vw : CSI(Yv) −→ CSI(Yw),
∂vw =
∑
v<u1<···<uk<w
∂v<u1<···<uk<w,
where the sum is over all “paths” in {−1, 0, 1}m from v to w through sequences of immediate
successors. For all v, take ∂vv to just be the usual Floer differential on CSI(Yv), and if v > w,
define ∂vw ≡ 0.
Now, define a chain complex
C˜(Y,L) =
⊕
v∈{−1,0,1}m
CSI(Yv), ∂ =
∑
v≤w
∂vw.
Proposition 7.1. ∂2 ≡ 0, so that (C˜(Y,L),∂) is indeed a chain complex.
Proof. The idea is to show that for any ξ ∈ C˜(Y,L), the quantity ∂2ξ is precisely a count of
degenerations of pseudoholomorphic polygons which coincides with an A∞ associativity relation
that is known by general theory to be zero. The relevant A∞ relation here is the Ak relation,∑
0≤i<j≤k
µαη
1···ηiηj ···ηk
k−j+i (ξ ⊗Θαη1 ⊗ · · · ⊗ µη
i···ηj
j−i (Θηiηi+1 ⊗ · · · ⊗Θηj−1ηj )⊗ · · · ⊗Θηk−1ηk) = 0,
for 0 ≤ k ≤ m. A simple computation shows that for v, w ∈ {0, 1,∞}m with |v − w| = k + 1 and
v < w, the vw-component of ∂2ξ is
(∂2ξ)vw =
∑
v<u1<···<uk<w
∑
0<j≤k
µαη
j ···ηk
k−j (µ
αη0···ηj
j (ξ ⊗ · · · ⊗Θηj−1ηj )⊗ · · · ⊗Θηkηk+1),
which is a sum over the i = 0 parts of various Ak+2 relations (here η
0 = η(v), ηk+1 = η(w), and for
1 ≤ ` ≤ k, η` = η(u`)). Hence if we can show the sum of the remaining terms of the appropriate
Ak+2 relations with i 6= 0 are all zero, we will have established that ∂2 ≡ 0.
We will in fact show that for any v, w ∈ {−1, 0, 1}m with |w − v| = k + 1 and v < w, we have∑
v<u1<···<uk<w
µ
η(v)η(u1)···η(uk)η(w)
k+1 (Θη(v)η(u1) ⊗ · · · ⊗Θη(uk)η(w)) = 0,
where the sum is over all paths from v to w through sequences of immediate successors. This will
clearly imply the desired result. We consider several cases:
k = 0: In this case we want to show that
µ
η(v)η(w)
1 (Θη(v)η(w)) = 0.
But this is true because Θη(v)η(w) ∈ CSI(Lη(v), Lη(w)) is a cycle and µ1 is the Floer differential.
k = 1: There are two subcases here: either v and w differ in a single framing, or v and w dif-
fer in exactly two framings. In the first case, it is easy to see that the associated Heegaard
triple diagram (Σg+m,η(v),η(u
1),η(w), z) has a torus connect summand that corresponds to the
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cobordism map induced by a blowup. By [Hor16, Theorem 8.20], this map is zero, and hence
µ
η(v)η(u1)η(w)
2 (Θη(v)η(u1) ⊗Θη(u1)η(w)) = 0.
In the case where v and w differ in exactly two framings, there are two possible paths v < u < w
and v < u′ < w from v to w through immediate successors. Both of the associated Heegaard triple
diagrams contain a genus 2 connect summand which corresponds to the nearest point isomorphism
CSI(S2 × S1)⊗ CSI(S3) ∼= CSI(S3), and the rest of Heegaard diagram corresponds to multiplying
the unit of SI(#g+m−2S2 × S1) with itself, so that
µ
η(v)η(u)η(w)
2 (Θη(v)η(u) ⊗Θη(u)η(w)) = ±Θη(v)η(w) = µη(v)η(u
′)η(w)
2 (Θη(v)η(u′) ⊗Θη(u′)η(w)).
When summing over paths of immediate successors, these two summands therefore cancel each
other out modulo 2. In fact, they even cancel out with integer coefficients, but we will not use this
fact in this article.
k ≥ 2: For the rest of cases we proceed by induction. Note that for any path v < u1 < · · · < uk < w
through immediate successors, there will always be a torus connect summand of Σg+m where
η(v) = η(u1) = · · · = η(uk) and η(w) meets these curves transversely in a single point. We will
show that the polygon count from this particular summand is zero, which will force the overall
polygon count to be zero by the Ku¨nneth principle.
When k = 2, let v < u1 < u2 < w be a path from v to w through immediate successors. By adding
an auxiliary Lagrangian Lη(u−1) which is a small Hamiltonian isotope of Lη(v), we see that
µ3(Θη(v)η(u1)⊗Θη(u1)η(u2)⊗Θη(u2)η(w)) = µ3(µ2(Θη(u−1)η(v)⊗Θη(v)η(u1))⊗Θη(u1)η(u2)⊗Θη(u2)η(w)).
On the other hand, the A∞ relations tell us that
µ3(µ2(Θη(u−1)η(v) ⊗Θη(v)η(u1))⊗Θη(u1)η(u2) ⊗Θη(u2)η(w))
= µ3(Θη(u−1)η(v) ⊗ µ2(Θη(v)η(u1) ⊗Θη(u1)η(u2))⊗Θη(u2)η(w))
+ µ3(Θη(u−1)η(v) ⊗Θη(v)η(u1))⊗ µ2(Θη(u1)η(u2) ⊗Θη(u2)η(w))).
It is clear that
µ2(Θη(v)η(u1) ⊗Θη(u1)η(u2)) = Θη(v)η(u2), µ2(Θη(u1)η(u2) ⊗Θη(u2)η(w)) = Θη(u1)η(w),
and therefore the two terms on the right-hand side above are equal since Lη(uj) is a small Hamilton-
ian isotope of Lη(u`) for any −1, 0, . . . , k. Hence with F2 coefficients, µ3(Θη(v)η(u1) ⊗ Θη(u1)η(u2) ⊗
Θη(u2)η(w)) = 0. (As usual, one can establish this result with Z coefficients as well if appropriate
signs are added)
For the inductive step, suppose that we have established that
µk(Θη(v)η(u1) ⊗ · · · ⊗Θη(uk)η(w)) = 0.
We want to show that
µk+1(Θη(u−1)η(v) ⊗Θη(v)η(u1) ⊗ · · · ⊗Θη(uk)η(w)) = 0,
where Lη(u−1) is a small Hamiltonian isotope of Lη(v). Let M(k + 3) denote the moduli space of
conformal structures on the (k+3)-gon; this space is homeomorphic to Rk. For any homotopy class
of Whitney (k + 3)-gons
φ ∈ pi2(Θu−1v,Θvu1 , . . . ,Θukw,Θwv),
there is a forgetful map
G : M(φ) −→M(k + 3)
which keeps track of the conformal class of the domain. By Gromov compactness, this map is
proper.
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Figure 16. Schematic of polygons counted by µk+1(Θη(u−1)η(v)⊗Θη(v)η(u1)⊗ · · ·⊗
Θη(uk)η(w)), k = 3.
Note that the Lagrangian boundary conditions for the (k + 3)-gon we are considering involve
exactly k non-convex corners, each of which contributes a 1-parameter family of deformations of
any pseudoholomorphic polygon by varying the length of the “slit” at the corner, or equivalently
varying the conformal structure on the domain. It follows that M(φ) at dimension at least k,
since any pseudoholomorphic representative u of φ automatically lies in a k-parameter family of
representatives.
Suppose dimM(φ) is exactly k. Then for any conformal structure c ∈M(k + 3), G−1(c) is a finite
set of points, since G is proper. Near the ends of the moduli space M(φ), the standard gluing
theory for pseudoholomorphic polygons implies that the count #G−1(c) will correspond to a count
of degenerate pseudoholomorphic polygons where the appropriate “slits” in the image have become
deep enough to meet another Lagrangian. In particular, by making a deep slit at the appropriate
corner, we degenerate into a (k + 2)-gon of the type we have already considered (in the inductive
hypothesis) and a triangle (see Figure 17 for a schematic). The inductive hypothesis therefore
implies that #G−1(c) is even for c near the appropriate end of M(k + 3), and hence must be even
for any c ∈M(k + 3).
Now note that the only way to have a rigid pseudoholomorphic polygon coming from the entire
Heegaard (k + 3)-diagram under consideration is to have the other connect summands determine
the conformal structure on the special torus connect summand investigated above, and there will
only be a discrete set of pseudoholomorphic polygons contributed by this connect summand for a
fixed conformal structure if the dimension of the relevant moduli space is exactly k. Since we just
determined that the count of such polygons is zero modulo 2, the Ku¨nneth principle then implies
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Figure 17. Schematic of the limiting pairs of polygons obtained by the two possible
slits at a non-convex corner.
that the overall count is zero modulo 2, so that
µk+1(Θη(u−1)η(v) ⊗Θη(v)η(u1) ⊗ · · · ⊗Θη(uk)η(w)) = 0.
The desired result hence follows by induction. 
Write
C(Y,L) =
⊕
v∈{0,1}m
CSI(Yv) ⊂ C˜(Y, L).
We call the subcomplex (C(Y, L),∂) of (C˜(Y,L),∂) the link surgeries complex of (Y, L).
We may define a filtration on C(Y, L) by
F iC(Y,L) =
⊕
|v|≥i
CSI(Yv).
Since ∂ is a sum of ∂vw’s with v ≤ w, it is clear that ∂ preserves the filtration: ∂F iC(Y, L) ⊆
F iC(Y, L). Hence (C(Y,L),∂) is a filtered chain complex and we obtain an associated spectral
sequence Erp,q(Y, L) with
E1 =
⊕
v∈{0,1}m
SI(Yv), d
1 =
∑
v≤w
|w−v|=1
∂vw.
We will call the spectral sequence Erp,q(Y, L) the link surgeries spectral sequence for (Y, L).
7.2. Convergence of the Spectral Sequence. Our goal now is to identify the E∞ page of the
link surgeries spectral sequence Erp,q(Y, L) with the symplectic instanton homology SI(Y ). We
achieve this by the technique of “dropping a component,” which we explain in detail below.
For i = −1, 0, 1, define (Ci,∂i) to be the link surgeries complex for (Yi(L1), L \ L1), where Yi(L1)
denotes the result of i-surgery on L1 ⊂ Y and we recall that if i = −1, this means ∞-surgery.
Note that for v′, w′ ∈ {−1, 0, 1}m−1, we have that (∂i)v′w′ = ∂vw, where v = (i, v′) and w = (i, w′).
Therefore we may consider (C0,∂0) and (C1,∂1) as subcomplexes of (C(Y,L),∂). (C−1,∂−1) is
the complex corresponding to “dropping a component,” since no surgery is performed on L1 in this
complex.
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Define a map
f0 : C0 −→ C1,
f0 =
∑
v,w∈{0,1}m
v1=0,w1=1
∂vw.
f0 is simply the sum of components of ∂ involving surgery on the component L1. f0 is a (anti-)chain
map for the same reason ∂2 = 0, and by construction it is clear that (C(Y,L),∂) = Cone(f0), i.e.
C(Y,L) = C0 ⊕C1, ∂ =
(
∂0 0
f0 ∂1
)
.
Now consider the map
F : C−1 −→ C(Y,L),
F =
∑
v1=−1
w1∈{0,1}
∂vw.
F is a chain map (anti-chain map if we work with Z-coefficients), by a variant of the proof that
∂2 = 0:
F∂−1 + ∂F =
∑
v1=u1=−1
w1∈{0,1}
∂uw∂vu +
∑
v1=−1
u1,w1∈{0,1}
∂uw∂vu = 0.
Consider the filtrations on (C,∂) and (C−1,∂−1) given by the sum of all surgery coefficients except
the one for L1,
∑m
i=2 |vi|. F respects these filtrations, and in grading p on the E0-page of the induced
spectral sequence, F restricts to a map of the form
F0p :
⊕
v1=−1∑m
i=2 |vi|=p
CSI(Yv) −→
⊕
v1∈{0,1}∑m
i=2 |vi|=p
CSI(Yv).
The restriction of F0p to a single direct summand has the form
F0p|CSI(Yv) = ∂vv0 ⊕ ∂vv1
where v0 and v1 differ from v only in the first component: v01 = 0 and v
1
1 = 1 (v1 = −1 by the
definition of C−1). But in homology ∂vv0 is the same as the map Φ0 in the surgery exact triangle
(by Proposition 5.10), and ∂vv1 is the same as the map h which serves as a chain nullhomotopy
of CΦ1 ◦ CΦ0 (by Proposition 5.11). It therefore follows from Lemma 5.5 that F0 is a quasi-
isomorphism, and hence so is
F : C−1 −→ C(Y,L).
In other words, the complex C−1 obtained from C(Y, L) obtained by “dropping a component” of
L (i.e. not performing surgery on the component L1) is in fact quasi-isomorphic to C(Y,L).
The above argument readily generalizes to dropping an arbitrary number of components of L. By
dropping all m components of L, we see that C(Y,L) is quasi-isomorphic to CSI(Y, ωL), and we
conclude the following:
Theorem 7.2. The link surgeries spectral sequence Er(Y,L) for an m-component link L in a closed,
oriented 3-manifold Y converges by the mth page to the symplectic instanton homology SI(Y, ωL).
As was the case for the surgery exact triangle, a nontrivial SO(3)-bundle on Y may be incorporated
into the link surgeries spectral seqeuence without changing the argument in any way. Indeed, any
ω ∈ H1(Y ;F2) may be represented by a knot lying entirely in the α-handlebody of the Heegaard
splittings used in the proof of the link surgeries spectral sequence, and for any multiframing v ∈
42 HENRY T. HORTON
{0, 1,∞}m, ω induces an obvious homology class ωv ∈ H1(Yv;F2). In this case, the link surgeries
spectral sequence has E1-page
E1 =
⊕
v∈{0,1}m
SI(Yv, ωv)
and converges by the mth page to SI(Y, ω ∪ ωL).
8. Khovanov Homology and Symplectic Instanton Homology of Branched Double
Covers
As an application of the link surgeries spectral sequence, we exhibit a spectral sequence from
the Khovanov homology of (the mirror of) a link in S3 to the symplectic instanton homology
of its branched double cover. The method of proof is inspired by Ozsva´th-Szabo´’s work on the
corresponding spectral sequence in Heegaard Floer theory [OS05].
8.1. Khovanov Homology. Let us give a definition of Khovanov homology suitable for our ap-
plications. Suppose X ⊂ R2 is a disjoint union of k simple closed curves, X = S1 ∪ · · · ∪Sk. Define
Z(X) to be the F2-vector space generated by the Si, and write
V (X) = ∧∗Z(X)
for the corresponding exterior algebra.
Suppose X ′ = S′1 ∪ · · · ∪ S′k−1 is obtained from X by merging two components Si and Sj . Then
Z(X ′) = Z(X)/(Sj − Si) and there are natural isomorphisms
α : (Sj − Si) ∧ V (X)
∼=−−→ V (X ′), β : V (X ′) ∼=−−→ V (X)/((Sj − Si) ∧ V (X)).
We may define a multiplication map by
m : V (X) −→ V (X ′),
m(ξ) = α((Sj − Si) ∧ ξ)
and a comultiplication map
∆ : V (X ′) −→ V (X),
∆(ξ) = (Sj − Si) ∧ β(ξ).
Now, given a link L in S3, choose an oriented link diagram D for L. Write n for the total number of
crossings in D, and n+ (or n−) for the number of positive (or negative) crossings of D. Furthermore,
choose an enumeration (1, . . . , n) of the crossings. For any I = (1, . . . , n) ∈ {0, 1}n, letD(I) denote
the result of resolving all crossings of D, where the ith crossing is replaced with its i-resolution
(where 0- and 1-resolutions are as defined in Figure 4). D(I) is then a disjoint union of circles in
the plane, so we can define Z(D(I)) and V (D(I)) for all I ∈ {0, 1}n. The ith Khovanov chain
group is given by
CKh(D, i) =
⊕
I∈{0,1}n
|I|+n+=i
V (D(I))
The Khovanov differential
d : CKh(D, i) −→ CKh(D, i− 1)
is defined by
d|V (D(I)) =
∑
I′ is an immediate
successor of I
dI<I′ ,
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where each dI<I′ : V (D(I)) −→ V (D(I ′)) is either a multiplication or comultiplication map, de-
pending on whether V (D(I ′)) differs from V (D(I)) by the merging or splitting of circles. It is easily
checked that d2 = 0, so that the Khovanov homology
Kh(D) = H∗
(⊕
i
CKh(D, i), d
)
is defined. Kh(D) is independent of the diagram D of L up to isomorphism, and therefore we will
write Kh(L) to denote this isomorphism class of groups.
We will actually need a reduced variant of Khovanov homology. Fix a basepoint p ∈ L. Then a
generic diagram D for L will have an induced basepoint, also denoted p, away from all crossings
in D. It follows that for any I ∈ {0, 1}n (where n is the number of crossings in D), there is a
disinguished component SI ∈ Z(D(I)) containing p. Let us write
V˜ (D(I)) = SI ∧ V (D(I)).
Then the ith reduced Khovanov chain group is then defined by
CKhr(D, i) =
⊕
I∈{0,1}n
|I|+n+=i
V˜ (D(I)),
and the reduced Khovanov homology is the homology of this subcomplex:
Khr(D) = H∗
(⊕
i
CKhr(D, i), d
)
.
Khr(D) (with F2 coefficients) is independent of the choice of diagram D for L as well as the choice
of basepoint p ∈ L up to isomorphism, and we will write Khr(L) for this isomorphism class of
groups.
8.2. Branched Double Covers of Unlinks. It turns out that the branched double cover of any
link in S3 is obtained from the branched double cover of some unlink by adding finitely many
2-handles. In this subsection, we explain why this is true and give a natural identification of the
symplectic instanton homology of the branched double cover of an unlink.
Let L ⊂ S3 be any link and fix a diagram2 D for L. A Conway sphere for L is an embedded
2-sphere S in S3 intersecting L transversely in exactly 4 points. Such a sphere divides S3 into two
3-balls; let us suppose that one of these 3-balls, B, contains exactly one crossing of the diagram D.
Write Y˜ for the branched double cover of S3 \B branched over L\ (L∩B). Note that the branched
double cover of a 3-ball branched over two arcs is a solid torus (via the hyperelliptic involution),
and therefore Y˜ is Σ(L) with a solid torus removed. The meridian γ of this torus (in Σ(L)) is
precisely the branched double cover of the pair of arcs from L.
Now consider the 0- and 1-resolutions L0 and L1 of L (as pictured in Figure 4) at the single
crossing inside B. Again, Y˜ is Σ(L0) minus a solid torus and also Σ(L1) minus a solid torus.
However, the meridians γ0 (resp. γ1) of these solid tori correspond to the branched double covers
of the pair of arcs L0 ∩ B (resp. L1 ∩ B) in Σ(L0) (resp. Σ(L1)). It is easily checked that
#(γ ∩ γ0) = #(γ0 ∩ γ1) = #(γ1 ∩ γ) = −1. It therefore follows that (Σ(L),Σ(L0),Σ(L1)) is a
surgery triad, as claimed in Example 5.3.
2It is not necessary to use a diagram for L in this subsection, but we do it for simplicity and also because we will
eventually relate to Khovanov homology, which does use a link diagram in its chain-level definition.
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By resolving all the crossings of some diagram D for L ⊂ S3, we obtain an unlink with k + 1
components, for some non-negative integer k. The particular choice of resolutions tells us how to
attach 2-handles to Σ(L) to obtain Σ(Uq· · ·qU). The branched double cover of the two component
unlink is S2 × S1, and more generally the branched double cover of the k + 1-component unlink is
#kS2×S1. We already know the symplectic instanton homology of #kS2×S1 (as a unital algebra,
no less), but we wish to have a geometric interpretation of it related to the fact that #kS2 × S1
is the branched double cover of the k + 1 component unlink. The following proposition establishes
such an interpretation.
Proposition 8.1. SI(#kS2 × S1) is a free Λ∗H1(#kS2 × S1)-module of rank 1, generated by the
element Θk corresponding to the usual highest index intersection point of the relevant Lagrangians.
Furthermore, the Λ∗H1(#kS2 × S1;F2)-module structure of SI(#kS2 × S1) is natural with respect
to 2-handle cobordism maps, meaning the following:
(1) If K is a knot dual to one of the pt× S1’s in a summand of #kS2 × S1, then 0-surgery on
K gives #k−1S2 × S1, where the component whose S2 × S1 summand K was dual to has
been removed. If pi : H1(#
kS2 × S1)/[K] −→ H1(#k−1S2 × S1) denotes the identification
naturally induced by this 0-surgery and W : #kS2 × S1 −→ #k−1S2 × S1 denotes the
2-handle cobordism induced by the 0-surgery, then
FW (ξ ·Θk) = pi(ξ) ·Θk−1
for all ξ ∈ Λ∗H1(#kS2 × S1).
(2) If K is the unknot in #kS2 × S1 and W : #kS2 × S1 −→ #k+1S2 × S1 is the 2-handle
cobordism induced by 0-surgery on K, then
FW (ξ ·Θk) = (ξ ∧ [KW ]) ·Θk+1
for all ξ ∈ Λ∗H1(#kS2 × S1), where [KW ] is the generator of the kernel of i∗ : H1(#kS2 ×
S1) −→ H1(W ).
Proof. We already know that SI(#kS2 × S1) ∼= H3−∗(S3)⊗k as a unital algebra. We will write
H3−∗(S3) = F2〈Θ, θ〉, with Θ the unit. H1(#kS2 × S1;F2) has as basis the homology classes
of the pt × S1’s in each connect summand; denote these classes by X1, . . . , Xk. We define a
Λ∗H1(#kS2 × S1;F2)-module structure on F2〈Θ, θ〉⊗k as follows. On Θ⊗k, the action is
Xi ·Θ⊗k 7→ Θ⊗(i−1) ⊗ θ ⊗Θ⊗(k−i−1),
(Xi ∧Xj) ·Θ⊗k 7→ Θ⊗(i−1) ⊗ θ ⊗Θ⊗(j−i−1) ⊗ θ ⊗Θ⊗(k−j−i−2) (i < j)
...
(X1 ∧ · · · ∧Xk) ·Θ⊗k 7→ θ⊗k.
We see that every element η ∈ F2〈Θ, θ〉⊗k can be written as ξη ·Θ⊗k for a unique ξη ∈ Λ∗H1(#kS2×
S1;F2). We extend the action to all of F2〈Θ, θ〉⊗k by setting
ξ · η = (ξ ∧ ξη) ·Θ⊗k.
It is clear that with this action, F2〈Θ, θ〉⊗k ∼= Λ∗H1(#kS2×S1;F2)〈Θ⊗k〉 as a Λ∗H1(#kS2×S1;F2)-
module. Now we prove the naturality with respect to 2-handle cobordism maps, as in statements
(1) and (2) of the Proposition.
(1) Thinking of the fundamental group of the torus as generated by the standard meridian and
longitude µ and λ, consider the Heegaard triple diagrams H = (Σ1, λ, λ, λ) and H
′ = (Σ1, λ, λ, µ).
It is then easy to see that the triple diagram #k−1H#H′ represents 0-surgery in #kS2 × S1 along
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the knot K = pt× S1 coming from the S2 × S1 summand corresponding to the α- and β-curves of
H′. Direct inspection then reveals that
FW (ξ ·Θk) = pi(ξ) ·Θk−1;
if ξ contains a wedge factor of Xk then FW (ξ ·Θk) = 0 for Maslov index reasons, and if ξ does not
contain a wedge factor of Xk then the claimed formula holds by considering FW being a closest
point map on the factor corresponding to H′.
(2) Continuing the notation above, consider a third Heegaard triple H′′ = (Σ1, µ, λ, λ). Then the
triple diagram #kH#H′′ represents 0 surgery on #kS2×S1 along the unknot K in the S3 summand
corresponding to the α- and β- curves of H′′. Similar arguments to the above establish that
FW (ξ ·Θk) = (ξ ∧ [KW ]) ·Θk+1;
FW can be thought of as inducing a closest point map on all factors, and the [KW ] appears because
the factor H′′ always gives the trivial connection θ. 
8.3. A Spectral Sequence from Khovanov Homology. We now explain how Khovanov ho-
mology relates to the symplectic instanton homology of #kS2×S1 and deduce that the E2-page of
a certain link surgery spectral sequence associated to a branched double cover Σ(L) is isomorphic
to Khr(m(L);F2).
Let L ⊂ S3 be a link and fix an n-crossing diagram D for the mirror link m(L). As before, given
any I ∈ {0, 1}n, we may construct the associated resolved diagram D(I).
Proposition 8.2. For any I ∈ {0, 1}n, there is an isomorphism ΨI : V˜ (D(I)) −→ SI(Σ(D(I)))
which is natural in the following sense: if I ′ ∈ {0, 1}n is an immediate successor of I and FI<I′ :
SI(Σ(D(I))) −→ SI(Σ(D(I ′))) is the map induced by the associated 2-handle cobordism on the
branched double covers, then the following diagram commutes:
V˜ (D(I))
dI<I′ //
ΨI

V˜ (D(I ′))
ΨI′

SI(Σ(D(I)))
FI<I′
// SI(Σ(D(I ′)))
Proof. The proof is really just a matter of understanding the relationship between merging/splitting
unlinks and surgeries on the branched double cover, and then applying Proposition 8.1.
Fix a basepoint p ∈ L and write D(I) = S(I)1q· · ·qS(I)k(I), where we order the circle components
so that S(I)1 contains the basepoint p, and similarly write D(I
′) = S(I ′)1q· · ·qS(I ′)k(I′). For con-
venience, we will assume further that the components are ordered so that the Khovanov differential
dI<I′ only possibly involves {S(I)1, S(I)2, S(I)3} ⊂ D(I) and {S(I ′)1, S(I ′)2, S(I ′)3} ⊂ D(I ′).
As in the proof of Proposition 8.1, H1(Σ(D(I));F2) has as basis the homology classes X1, . . . , Xk(I)
which arise as pt × S1 in each summand of #k(I)S2 × S1 ∼= Σ(D(I)). If γi denotes an arc in S3
whose only points in D(I) are its endpoints, one of which lies on S(I)1 and the other of which lies
on S(I)i+1, then Xi is mod 2 homologous to the branched double cover of γi.
We have an identification of SI(Σ(D(I))) as a rank 1 free Λ∗H1(Σ(D(I));F2)-module from Propo-
sition 8.1. It follows that the identification S(I)i 7→ Xi induces an isomorphism ΨI : V˜ (D(I)) −→
SI(Σ(D(I))).
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S(I)1 = S(I0)1
S(I0)2
S(I)2 S(I)3
γ1 γ2
δ
p
Figure 18. Merging two circles and the effect on homology.
Suppose D(I ′) differs from D(I) by the merging of S(I)2 and S(I)3 into S(I ′)2 (see Figure 18 for a
schematic). Then it is clear that X ′1, X ′2 ∈ H1(Σ(D(I ′));F2) are homologous, since after merging,
both γ1 and γ2 will have an endpoint on S(I
′)2. One then sees that Σ(D(I ′)) is obtained from
Σ(D(I)) by 0-surgery along the branched double cover of the pictured arc δ, which is just an unknot
in Σ(D(I)). It follows from case (2) of Proposition 8.1 that in this case, FI<I′ ◦ ΨI = ΨI′ ◦ dI<I′ ,
where we note that merging is corresponding to comultiplication on V˜ (D(I)) becauseD is a diagram
for the mirror of L, and mirroring swaps the roles of multiplication and comultiplication in the
Khovanov differential.
Dually, if D(I ′) is obtained from D(I) by splitting S(I)2 into S(I ′)2 and S(I ′)3, a similar argument
shows that X ′1 and X ′2 are homologous in H1(Σ(D(I ′));F2) and Σ(D(I ′)) is obtained from Σ(D(I))
by 0-surgery along X1. Case (1) of Proposition 8.1 then implies that FI<I′ ◦ΨI = ΨI′ ◦ dI<I′ .
There are two additional cases to consider, namely merges and splits involving the circle with the
marked point p. But these are dealt with in the same way as before, if we introduce γ0 = 0 and
X0 = 0. 
We can now derive the main result of this section.
Theorem 8.3. For any link L in S3, there is a spectral sequence with E2 page given by Khr(m(L);F2)
abutting to SI(Σ(L);F2).
Proof. Fix a diagram D for m(L) with n crossings and a basepoint p. At the ith crossing of D, let
µi ∈ H1(Σ(L);F2) be the mod 2 homology class represented by the branched double cover of the
arc in S3 connecting the two strands of L at that crossing. Write µ = µ1 + · · ·+µn ∈ H1(Σ(L);F2).
Given any I ∈ {0, 1}n, we have that I-framed surgery along the link µ = µ1 q · · · q µn results in
Σ(D(I)), for the same reason that (Σ(J),Σ(J0),Σ(J1)) is a surgery triad for any link J .
From the previous paragraph and the link surgeries spectral sequence for symplectic instanton
homology, it follows that we have a spectral sequence with
E1 =
⊕
I∈{0,1}n
SI(Σ(D(I))), d1|SI(Σ(D(I))) =
∑
I′ an immediate
successor of I
FI<I′
converging to SI(Σ(L), µ). By Proposition 8.2, it follows that the E2-page of this spectral sequence
is isomorphic to Khr(m(L);F2).
To complete the proof, it remains to show that µ is nullhomologous. We construct an explicit
surface in Σ(L) bounded by µ, as explained in [Sca15, Section 2]. The surface will be constructed
as a lift of a surface in S3 to the branched double cover; the idea is to apply a variant of the Seifert
algorithm to the diagram D, where instead of connecting disks with twisted bands, we want to get
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a surface from attaching “half-shaded” twisted bands. This requires a modification to the usual
algorithm, as we need to make sure each band connects a shaded region to a non-shaded region,
and therefore we cannot use all of the disks the traditional seifert algorithm does. In any case,
it is clear that the lift of the surface in S3 defined by the region obtained by this construction
(whose boundary consists of segments of D and arcs connecting the two local components of D at
a crossing) lifts to a surface in Σ(L) whose boundary is precisely µ.
Figure 19. The oriented resolution of a crossing.
To show that the desired surface exists, choose an orientation of L and let D′ be the diagram
obtained from D by performing a oriented resolution (see Figure 19) of each crossing. D′ will
consist of N oriented circles S′1, . . . , S′N in the plane. To each S
′
k, assign two signs ak and bk:
• ak = +1 if S′k is oriented counterclockwise; ak = −1 otherwise.
• bk = (−1)M , where M is the number of circles in D′ that surround S′k.
Fill in each disk bounded by a S′k for which akbk = +1 (one may wish to think as each S
′
k as lying
in the plane z = k in R3, as some regions will be colored multiple times). To get the original link
L back, we attach bands with a half twist to connect the circles where we originally performed the
oriented resolutions. The condition that S′k be filled only if akbk = +1 ensures that for any two
circles joined by a band, exactly one of them has its interior filled, so that we may fill the appropriate
half of the band to obtain our desired surface, which has boundary consisting of segements from D
and for each crossing of D, an arc connecting the two pieces of L near that crossing.
The lift of the surface in S3 constructed in the previous paragraph to the branched double cover
Σ(L) is a surface whose boundary is precisely µ, and therefore µ is nullhomologous. It follows that
SI(Σ(L), µ) = SI(Σ(L)), and therefore our spectral sequence converges to SI(Σ(L)), as claimed. 
As a quick corollary, we obtain a rank inequality for the symplectic instanton homology of a
branched double cover.
Corollary 8.4. For any link L in S3, |det(L)| ≤ rk SI(Σ(L);F2) ≤ rk Khr(m(L);F2).
Proof. This follows from the fact that χ(SI(Σ(L))) = |H1(Σ(L))| = | det(L)| and that there is a
spectral sequence Khr(m(L))⇒ SI(Σ(L)). 
9. Nontrivial Bundles on Branched Double Covers
The spectral sequence for a branched double cover discussed in the previous section can also be
studied for nontrivial SO(3)-bundles using a homology related to a “twisted” version of Khovanov
homology, as first explained in the gauge theory context by Scaduto and Stoffregen [SS16].
9.1. Two-Fold Marking Data. Let L = L1 q · · · q LN ⊂ S3 be a link. A two-fold marking
datum for L is a function
ω : {L1, . . . , LN} −→ Z/2
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such that ω(L1) + · · · + ω(LN ) ≡ 0 mod 2. One can think of ω as assigning a collection of points
p = {p1, . . . , pm} to L, m < N , with one point on Lk if ω(Lk) = 1, such that the total number of
points is even. The pointed link (L,p) is easily seen to correspond to an element of H1(Σ(L);F2):
if one takes a collection of arcs in S3 whose interiors are disjoint from L and whose endpoints are
precisely the basepoints p, then the lift of this collection of arcs to Σ(L) will be a well-defined mod
2 homology class. In fact, all elements of H1(Σ(L);F2) arise from some such collection of basepoints
p ⊂ L, so that we have the following:
Proposition 9.1. There is a one-to-one correspondence between two-fold marking data ω for L
and elements of H1(Σ(L);F2).
In particular, each two-fold marking datum ω corresponds to a nontrivial SO(3)-bundle on Σ(L),
which by abuse of notation we will also refer to as ω.
9.2. Twisted Khovanov Homology and Dotted Diagram Homology. We now wish to in-
troduce a variant of Khovanov homology which takes into account two-fold marking data. To do
this, we will first need to introduce a compatibility relation between the two-fold marking data and
the link diagrams we use. Let L ⊂ S3 be a link and D be a diagram for L. An arc of D is a strand
of D that descends to an edge of the associated 4-valent graph. Let Γ denote the set of all arcs in
D, and given a component Lk of L, let Γ(Lk) denote the set of all arcs contained in the image of
Lk in D. Given a two-fold marking datum ω for L, we say that an assignment ωˇ : Γ −→ Z/2 is
compatible with ω if ∑
γ∈Γ(Lk)
ωˇ(γ) ≡ ω(Lk) mod 2.
The pair (D, ωˇ) will be called a two-fold marked diagram. Note that the 0- and 1-resolutions of
any crossing in D have well-defined induced two-fold markings, giving two-fold marked diagrams
(D0, ωˇ0) and (D1, ωˇ1).
Given a two-fold marked link (L, ω), fix a compatible two-fold marked diagram (D, ωˇ) with n
crossings, and fix an auxiliary basepoint p0 ∈ D (which has nothing to do with ωˇ). For any
I = (1, . . . , n) ∈ {0, 1}n, we then obtain a resolved diagram (D(I), ωˇ(I)) consisting of k(I) pointed
circles:
(D(I), ωˇ(I)) = (S(I)1, ωˇ(I)1) ∪ · · · ∪ (S(I)k(I), ωˇ(I)k(I)).
Exactly one of these circles, which we will denote by SI , contains the auxiliary basepoint p0. As in
the untwisted case, we define
CKh(D, ωˇ) =
⊕
I∈{0,1}n
SI ∧ V (D(I)),
i.e. CKh(D, ωˇ) as a chain group is just the reduced Khovanov chain group with respect to the
basepoint p0, and we incorporate ωˇ into the differential as follows. The differential d on CKh(D, ωˇ)
is a sum of “horizontal” and “vertical” differentials,
d = dh + dv.
The horizontal differential dh is just the usual Khovanov differential, defined in terms of merge/split
maps. The vertical differential dv is defined by its restriction to a direct summand:
dvξ =
k(I)∑
j=1
ωˇ(I)jS(I)j ∧ ξ for ξ ∈ SI ∧ V (D(I)).
One may check that d2 = 0, and the twisted Khovanov homology of (L, ω) is defined as
Kh(L, ω) = H∗(CKh(D, ωˇ), d).
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Kh(L, ω) may be thought of as a generalization or deformation of Khr(L): if ω0 is the trivial
two-fold marking data (which assigns 0 to all components of L), then Kh(L, ω0) ∼= Khr(L).
The horizontal and vertical differentials on CKh(D, ωˇ) are easily seen to commute, and therefore
CKh(D, ωˇ) admits the structure of a double complex. The homology with respect to the horizontal
differential dh is the reduced Khovanov homology of L, and the homology with respect to the vertical
differential dv results in the subcomplex of (CKh(D, ωˇ), dh) consisting of summands corresponding
to I ∈ {0, 1}n with all ωˇ(I)j ’s even. We call the homology of this subcomplex with respect to dh
the dotted diagram homology of (D, ωˇ) and denote it by
Hd(D, ωˇ) = H∗(H∗(CKh(D, ωˇ), dv), dh).
We remark that Hd(D, ωˇ) is not an invariant of (L, ω), but it naturally appears as the E2-page of
a link surgeries spectral sequence for a nontrivial SO(3)-bundle on the branched double cover of
L, as we explain in the next subsection. Note that the spectral sequence for the double complex
(CKh(D, ωˇ), dv, dh) gives another spectral sequence Hd(D, ωˇ)⇒ Kh(L, ω).
Remark 9.2. It is easy to see that dv|V˜ (D(I)) is an isomorphism if ωˇ(I) is nonzero on any component
of D(I), and zero otherwise. It follows that H∗(CKh(D, ωˇ), dv) is just the subcomplex of CKhr(D)
consisting of I-summands with ωˇ(I) ≡ 0.
9.3. Spectral Sequence for Nontrivial Bundles on Branched Double Covers. We now ex-
plain the relevance of dotted diagram homology to the symplectic instanton homology of nontrivial
SO(3)-bundles over branched double covers of links.
Theorem 9.3. Let (L, ω) be a two-fold marked link in S3, and suppose (D, ωˇ) is a compatible
two-fold marked diagram for the mirror (m(L), ω). Then there is a spectral sequence with E2-page
isomorphic to the dotted-diagram homology Hd(D, ωˇ) converging to SI(Σ(L), ω), where ω denotes
the SO(3)-bundle on Σ(L) induced by the two-fold marking data ω.
Proof. Let µ denote the n-component link in Σ(L) obtained by lifting the n arcs in S3 connecting
the two local components of each crossing of D. As in the proof of Theorem 8.3, for any I ∈ {0, 1}n,
the result of I-framed surgery on µ = µ1 q · · · q µn results in Σ(D(I)). Letting ω ∈ H1(Σ(L);F2)
denote the mod 2 homology class corresponding to the two-fold marking data ω (by abuse of
notation), we get induced homology classes ω(I) ∈ H1(Σ(D(I));F2) for each I ∈ {0, 1}n. The link
surgery spectral sequence for (Σ(L), ω) and the link µ then has
E1 =
⊕
I∈{0,1}n
SI(Σ(D(I)), ω(I)), d1|SI(Σ(D(I)),ω(I)) =
∑
I′ an immediate
successor of I
FI<I′
and converges to SI(Σ(L), ω ∪ µ).
We now identify the E1- and E2-pages of the spectral sequence. First recall that the mod 2
homology class ω(I) ∈ H1(Σ(D(I));F2) is obtained from the two-fold marked diagram (D(I), ωˇ(I))
by first choosing a compatible collection of dots p(I) ⊂ D(I) and family of arcs in S3 whose interiors
are disjoint from D(I) and whose endpoints lie in p(I) in such a way that each point in p(I) occurs
as the endpoint of one of these arcs exactly once. ω(I) is then the mod 2 homology class of lift
of this collection of arcs to Σ(D(I)). Aside from the marked circle SI ⊂ D(I), each circle in D(I)
corresponds to an S2 × S1-summand under the identification Σ(D(I)) ∼= #k(I)S2 × S1, and it is
easy to see that the lift of an arc connecting two circles in D(I) is mod 2 homologous to the disjoint
union of the copies of pt × S1 in the S2 × S1-summand the circles correspond to. It therefore
follows that ω(I) is trivial on S2 × S1-summands of Σ(D(I)) corresponding to circles in D(I) that
ωˇ(I) is even on, and nontrivial on S2 × S1-summands of Σ(D(I)) corresponding to circles in D(I)
that ωˇ(I) is odd on. Since SI(S2 × S1, [pt × S1]) = 0 by Proposition 3.13, we can therefore use
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Proposition 8.2 and our understanding of the vertical homology of the twisted Khovanov complex
(cf. Remark 9.2) to conclude that
E1 ∼= H∗(CKh(D, ωˇ), dv), d1 = dh.
By the definition of dotted diagram homology, it immediately follows that E2 ∼= Hd(D, ωˇ). As
argued in the proof of Theorem 8.3, the link µ in Σ(L) is nullhomologous, so that the spectral
sequence in fact converges to SI(Σ(L), ω), as desired. 
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